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Abstract:

Diphtheria is a bacterial infectious disease that can lead to severe complications and even deaths. This work

presents the Caputo-Fabrizio Fractional derivatives of the aged-structured deterministic model of diphtheria
infection. The existence and the uniqueness of the solution of the model are investigated and established using
the contraction principle. The stability of the model is investigated with the help of the well-known Ulem-Hyers
and the generalized Ulem-Hyers theorems. Analyzing the model using the Laplace Adomian Decomposition
Methods, the system’s analytical solution, in the form of an infinite series that converges quickly to it exact
value is obtained.
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Introduction
1.1 Introduction

Diphtheria is one of the respiratory diseases raphaging the population in recent time. It is a bacterial
(Corynebacteriumdiptheriae) infectious disease that can lead to severe complications such as respiratory failure,
heart problems and even deaths if it is not detected early. This infection that mostly affects the throat and the
nose can be prevented by vaccination. Case-fatality occurs only in places where there is poor sanitation
condition and inadequate vaccination coverage as a result of low resources [1,2,3]

Diphtheria is a highly contagious infection that spreads primarily through person-to-person contact via
respiratory droplets(coughing, sneezing or spitting) or direct contact with infected skin lessions or any material
(like clothe) that has been in contact with the bacteria. It is possible to get diphtheria more than once. Anyone
who is not protected by diphtheria vaccine and comes in close contact with diphtheria is susceptible. Some of
the symptoms/signs of diphtheria are: throat pain, weakness/ fatigue, fever, swollen neck glands, problems
breathing due to tissues obstructing nose and throat, nerve, kidney or heart problems ( if the bacteria enters the
blood stream). The incubation period is one to ten days after exposure( 4, 5, 6,7,8)
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To effectively contend the spread of Diphtheria, different control measures, such as isolation of patient,

maintenance of one meter between patients, keeping patient care areas with good ventilation, the use mask that
is medically prepared and cover any wound/lesions on patient’s body by patient who may have to move out of
the isolation areas, population subgroup such as young children under five years of age, school children, elderly
who are at greater risk and have close contact with diphtheria infection and health workers should highly
prioritized with treatment and vaccination, epidemiological surveillance ensuring early detection of diphtheria
outbreak, administering antitoxin to neutralize the toxin and antibiotics to kill the bacteria, reducing
complication and mortality should be implemented [6,7,8].

Understanding, describing and analyzing the dynamics of infectious diseases [ 9, 10, 11, 12, 13, 14, 15,16,
17,18] have been key in guiding decisions and policies in public health system.

In recent time, mathematicians and epidemiologist have demonstrated great effort in understanding and
describing the dynamics of diphtheria infection.

[19], presented the mathematical model of diphtheria diseases that categorizes the individuals based on
susceptibility, vaccination, infected and recovery status. The stability of the system wa confirmed, the basic
reproductive ratio was calculated. They also converted the deterministic model into caputo-Fabrizio fractional
order model, analyzed it for existence and uniqueness of solution using appropriate principle. Adomian
Decomposition method was applied for numerical solution of the model.

In the research under consideration, we seek to transform the aged-structured deterministic model of diphtheria
infection [8,9] into the Caputo-Fractional order of aged-structured model of diphtheria infection. The existence
and the uniqueness of the solution of the model shall be investigated and established using the contraction
principle. The stability of the model shall be investigated with the help of the well-known Ulem-Hyers and the
generalized Ulem-Hyers theorems. Analyzing the model using the Laplace Adomian Decomposition Methods,
the system’s analytical solution, in the form of an infinite series that converges quickly to it exact value shall be
obtained.

2.0 MODEL FORMULATION

2.1 ASSUMPTIONS

1. The control of diphtheria is based on primary prevention of disease by ensuring high population immunity of the
infant ((0-1 year) and school children by vaccination

2. Isolation of detected cases (that is confirmed cases are not allowed to interact with the population freely.

Epidemiological surveillance ensuring early detection through contact tracing is carried out

4. Secondary prevention spread by the rapid investigation of close contacts to ensure prompt treatment of those
infected

(98]
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5. The total population of human at time ¢ under consideration denoted by N, is split into mutually

exclusive sub-population of S; Susceptible infant at time t (0-1years), S, , Susceptible school children
population at time t, V, Vaccination population at time ¢, E, Exposed population at time t , [,
Asymptomatic infection population at time ¢, I,., Symptomatic infection population at time t, R.,
Recovered population at time t. Ij., Detected infectious humans at time t(Asymptomatic and
symptomatic) population through testing,

Npn =S + S, +V+E+ L+ L+R+ I
2.2 STATE VARIABLES
N, —The total population of human at time t under consideration
S1 — Susceptible infantat time t (0-1years),
S, — Susceptible school children populationat time ¢,
V' —Vaccination populationat time ¢,
E — Exposed populationat time ,
;. — Asymptomatic infection populationat time ¢,
I,. — Symptomatic infection populationat time ¢,
R —Recovered populationat time t.

Ip. — Detected infectious humansat time t(Asymptomatic and symptomatic) population through testing,

2.3 PARAMETERS

0, — progress rate from exposed to I;, Asymptomatic infection population
0, — progress rate efrom exposed to I,, symptomatic infection population
6 — fraction of new infection that are I;, Asymptomatic

1 — 6 — fraction of new infection that are I,, symptomatic
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p1 — ef fective transmission rate from S;

B, — ef fective transmission rate from S,

T, — vaccination coverage for S;

T, — vaccination coverage for S,

€ —vaccine ef ficacy

p — maturity rate from S; to S,

b — per capita birth rate of humans

Ty — Immunization rate in S;

£T, — immunization rate in S,

w — rate of vaccination

0, — detection rate (via contact tracing ) for S;
6, — detection rate (via contact tracing ) for S,
n — death due to infection

a — natural death rate

_ Pi(o1ly + 0315)

n(o = B

_ Ba(o1hy + 0315)
h(e) = PO
2.4 MODEL EQUATIONS
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Using the above described state variables and parameters together with the schematic diagram
in figure 1, the model of the diphtheria infection transmission dynamics results in the following
system of deterministic non-linear first order differential equations

ds; p1(o11y + 0,13)

& =M= T S - et S = s, — aS, (2.1)
% = pS, — %SZ — 1,5, — aS, (2.2)
Z—It/ =ET151+ €125, — aV (2.3)

Cciz_]j = Bl((;\lliljlzﬂ—ﬁsl + B—Z(T\il—JrIZZIZ)SZ ~010E —~03(1-8)E— aE  (24)
% = 018E - nily — 6411 — aly — 7l (2:5)
% = 03(1 = 8)E — yuly — 015 — aly — 1l (2.6
%’ = 0,0y + 0,0, — yalp —alp —7lp (2.7)

‘:l_’: vy + vy + vslp — aR (2.8)

2.5 FRACTIONAL ORDER MODEL
TheCaputo-Fabrizio order derivatives of (2.1) —(2.8) is given as follows

31(0111 + 0,13)

CEDES, (t) = bN, — S, — €1,8, — pS; — aS, (3.1)
Ny —1p
ol + oyl
Cngsz(t) = pS; — Palorh + 9:17) Sz — €125, — as; (3.2)
Np —1p
CEDEV() = eT,S; + €T,S, — aV (3.3)
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cpfpery = Paht@l) o fohtoal) o op G E-aE (34
Ny —1Ip Np —1p

CDEL(t) = 016E — yily, — 611, — aly — (3.5)

Cnglz(t) = 0,(1 = 8)E — yyI; — 0,1, — al, —nl, (3.6)

ED{Ip(t) = O:6y + 6,1, — 3l — alp —nlp (3.7)

CED{ R(t) =iy + V2l + v3lp — aR (3.8)

SSSS

With the initial conditions,

51(0) = Sio, S2(8) = S0, V(&) = Vo, E(8) = Eo, 11(t) = L1, 2(t) = Ly, , Ip(t) = IpoR(t) = Ro
S5O+ S;O+VR)+EQ@)+ L)+ L) +I1()+ R(t) =1

Cng Represents the Caputo-Fabrizio fractional derivative of order ¢ €[0, 1]

3.0 ANALYSIS OF THE MODEL

3.1 EXISTENCE AND UNIQUENESS OF SOLUTION

We shall use some basic fixed point theorem to establish the existence and uniqueness of the
solution of (3.1) <(3.8)

EDEY(E) = L(t, (L)
(3.9)
Y(0) =y,

Y(©) = (5:(1),S2(O), V), E(®), (), (D), ID(t),R(t))T € R8 for t € [0.Tpqx] denotes the state of the
model and £ represent the continuous vector given below
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bN, — Bt o o6 55 — as,

’[‘:2 Np—Ip
£3 pSl - BZ(O_lIl-HIZIZ) Sz - €T252 — aSz
L Np—=Ip
L4 TS + €155, —wV — aV
= 5 — | Bilo1lit02l3) B2(o111+0315)

£= = TR RS, —oi6E — 0y(1- 8)E - 3.10
Le Np—Ip Sit Np—Ip S; —016E —0,(1—68)E — aE ( )
L7 0-16E_ )/111 —Blll—all—nll
,[.:8 0'2(1—5)E— ]/212 _9212—0512—7712

011, + 0,1, — y3lp —alp, —nlp

Yili + v2lz + v3lp — aR
The initial condition of the variable of the model is denoted by (S;(0),S,(0),V(0), E(0),1,(0),
/20, /D0, ROT

T
Where 1(0) = (51(0); 5,(0),V(0),E(0),1;(0), 1,(0), I,(0), R(O)) and , Yo = (S10,S20, Vo, Eo, 10,
/20, /D0, ROT

In addition, we define L: [0. Ty,q,] X R® - R is said to satisfy Lipschitz condition in the second argument, if

we have:
|£(ew,) — £(6,w,)|| < M|lw, —w,|| ¥t € [0, Tnax] ¥V ¥,,, ¥, € R® where M
> 0, Tax 1S final time ... ... ... ... ......(3.11)
The existence of a unique solution to the model (3.1) - (3.8)is established in the following
theorem:
Theorem 3.1.

There exists a unique solution to the initial value problem (3.9) on C([0, Tp,qx], R®), provided
that (3.11) and

(2(1—€)M Lo %M
2-OFE @-HOF® ™™

) <. (3.12)

are satisfied.

Proof:

If we apply the Caputo-Fabrizio fractional integral on each sides of (3.9), then we
havetheCaputo-Fabrizio time-fractional integral of the function y(t) of order ¢ is defined by

t
_ 2(1-¢) 2¢
YO = Po+ SO + g Of Lt p@dr (3.13)

2—-8FE
Let us defined the operator K: C([0, Tpyqx], R®) = C([0, Traxl, R®) by
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— 8
Kpl(®) =V(t), V€ C[[0, Trnax], RE] (3.14)
Where
2(1-9)

V(t) = o v(r,t) + L(t,v(t)dt

2¢ f
_I_ _— _—
C2-9F©) (2-9F©) )
The supremum norm on C [[0, Taxl, R ] is given by:
VOl = tejor. GVl VYV E C0, Tax], R®)

Clearly, C([0, Tyqx ], R®) equipped with ||. || is a Banach space.
Suppose, £ is the fixed point of the operator
K: C([0, Trarl, R®) = C([0, Tpax ), R®), then g becomes the solution of the initial value
problem (3.9), and
Kep(t) = p(¢)
Where

2(1-9)

Z=9F® HEpndr

o) = ¥, + L(t, (D) +

IK[V](®) — K[p]®

2(1—29) 2¢
ot —(2 0 L(t,V(t) + —(2 0 Oj L(t,V(T)dT
2(1-9) 2§
— [, + mﬁ(tu@(ﬂ) + mof L(z, p(T)d7
IK[V](®) — K] (Ol
2(1-2¢)

G- orOTE (L0VO) - Hee0)

m f [£(T,V(T) — L(7, $o(7)]dT
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2(1-9)
< ————||(£(6. VD) - £(t. )
(2 -9FE©)

m j[ﬁ(‘[ v(t) — L(T, SO(T)] (3.15)

Since the operator Lsatisfies the Lipschitz condition (eq. 3.11), we have that
t

2(1-9) 28M
IK[V](®) — K[p] (O]l < G M|V — Ol + EEG jIIV(t) —p@®lldr

IK[VI(®) = K[p] @Ol
2(1 - 6) Sup

e-or@" e IV - pl
24 j VO - p®llde  (3.16)
"R, )

2(1 — 28M [*
1-6M  28M | T V=gl

*2-0Fr® TZ-oF@®
2(1 - f)M 2‘SIVITmax

SC-0F®  C-0F@
Thus if the condition (3.12)holds then,
(1 - S)M 26 max

IK[V](t) — K[W ](t)ll_(2 GG

IV — sl

IV — Wl

Hence, the operator K becomes a contraction. Therefore K has a unique fixed point
which is a solution to the initial value problem (3.9)and hence asolution to the

system ((3.1)-(3.8)).
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ULAM-HYERSSTABILITY

TheUlam-Hyers (UH) stability and generalized UH stability [20,21]for the fractional system
(3.1) —(3.8) using the Caputo-Fabrizio operator is discussed in this

section.LetS = C ([0, T;,qx]: R®) be the space of all continuous functions from [0, T}, JtoRE,

. s
endowed with the norm:||y|| = te[o,Tm:ﬁ"l/’”’

Consider

CEDEw(E) = L(t. (D)) (3.17)
Y)= Yo

Also let € > 0. Consider the following inequality:
|5Df B0 — L(t.B(®) | < et ey, e=max(e)",i=123,..8F€S (3.18)

Remark 3.1. “A function ¢ € S satisfies the inequality (3.18)if and only if there exists a
function p € S, having the following properties;

Dp®)| <ep = max(pj) AR (ii)ﬁDf@(t) = L(t.@(t)) + p(t), t €3

Definition 3.1. The fractional model ((3.1)-(3.8))or the transformed system (3.17)is UH stable
if for every € > 0 there exists k > 0, such that for any solution
@ € S of the inequality (3.18), there exists a unique solution i € S, of the fractional system
(3.17)such that the following inequality is satisfied:

9 () — (@)l < ke, t €Ik = max(k;),j =1,2,3,...,8 (3.19)

Where
P(e) = (51(0), S,(0, V), E(®), 1,(£), L,(8), Ip(6),R())"
5O = (5,0.50.70.EO.LO.LO, L©.RO)
(0) = (5,(0),5,(0), V(0), E(0), 1, (0), 12(0), I5(0), R(0))"

Definition 3.2. Themodel system (3.17) is generalized UH stable if there exists a continuous

functiony: R™ - R satisfyingy(0) = 0, such that for anysolution y € S of system (3.18), there
exists a unique solution i € S such that the following inequality is satisfied:

T
() — vl < (o), t €Sy =max(y;) ,j=1,23,.,8 (3.20)
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Theorem 3.4. If ® € E satisfies the system (3.17), then we have the following:
t

2(1—a)
2—-a)F(a)

< Qe

P(t) =, () — u(r,t) + L(z.9(D)dr

2a
2-a)F (a)of

here @ = 1 9 dr (3.19
where _(Z—a)ﬂ-"(a)-l_(z—a)?(a)bf v (3:19)

Proof:
Using remark 3.1(ii) C’SDE p() = L(t.9(t)) + p(t), t €3, which on applying the Caputo-
Fabrizio integral gives

2(1-a) 2 [ _
2~ () u(r,t) + 2= F @ bf L(r.w(r))dr +

( —a)

D7 @™

P(t) = 1, (8) + (

2a
T oF@ f p(T)dr

By rearranging, applying norm on both sides and using remark 4.1 (1), it follows that;

2(1-a) 2a B
B (2 - a)T(a)u(r’ t) - 2 - O)F (@) f £(T.lp(r))dr

< 209 iy f p(D)ldr < 0
O

Y(t) = 9o (t)

Theorem 3.5. SupposeL: I X R® — R satisfies the Lipschitz condition, with Lipschitz
constant M > 0 and(1 — Q) M > 0, then the model (3.17)is generalized UH stable.

Proof:

Suppose that €S satisfies the inequality in (3.18)and €S is a unique solution of (3.17). Then
Ve > 0; te[0, Tpqqe), We have
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lw() — (@)l
Max t
_ _ 21l —a) _ 2a _
= t) — t) — t) — L. d
5O = Tol0) ~ ey 700 ~ G | £ T)ar
te[0,Tmax] 0
Max t
< B0~ B0 - o500 — e [ £z 5 )
= VO T G TR Y T e aF@ ) S
te[0,Tmax] 0
2(1l—a) _ 2(1 —a)
+ (r,t) — Y(r,t)
2-a)F (06) (2 —a)F(a)
te[0,Tmax]
Max t
+ 2a jlﬁ(’[i,_b(’[)) — L(T.l/)(r))| dt
2-a)F(a)
te[0,Tmax] 0
Max t
_ _ 2(1l—a) _ 2 _
< t) — t) — t) — L. d
< 7O = To(0) =~ G—agrems 700 ~ oy | £ T)ar
te[0,Tmax] 0
P € R T
rt) —Y(r,
te[o:Tmax](z - a)T(a)
Max
+ j B - vl de
(2 a)T (@)
te[0,Tmax]

<eQ+ QMY —y|
Thus, we have ||y — || < ke, where k = —YY: (3.20)

Hence equating (&) = ke, so that ¢(0) = Owe conclude that the model (3.16),is both UH and
generalized UH stable.

4.0 Iterative schemes involving the Caputo fractional operators

This section, we shall study an iterative scheme using the Caputo-Fabrizio fractional derivative.
We seek to derive explicit expressions for the unknown

functions,S; (t), S,(t),V(t),E(t),1,(t),I,(t), R(t), I, (t) using series representation approach based on
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Laplace Adomian Decomposition Method. The system is transformed to algebraic equations by the

application of Laplace transform to the Caputo-Fabrizio fractional order derivative (3.1) — (3.8).

Laplace Adomian Decomposition Method empowers us to construct a convergent series solution for
S:(t), S,(0),V(t),E(t), I;(t), I,(t), R(t), Ip(t)which can be evaluated numerically to obtain accurate
approximations.

For the solution of themodel(3.1)-(3.8), we shall adopt the Laplace Adomian
Decompositionmethod. Applying the Laplace transform of the Caputo-Fabrizio fractional
operator toboth sides of the system (3.1)-(3.8), we have

£{Dis, ()} = £ {bNh _F 1(?1[}{132212) S, — e1,8, — pS; — aSl} (4.1.1)
c{%pfs,0)} = L{pSl _F 2(7\;’?;;212)52 1,5, — as, } (4.1.2)

c{EDiV(©)} = LleniS, + 1S, —wV — av) (4.1.3)
c{DfE®)} = L{ﬁ 1((;1[’{1_+12212)51 Ay 2(7\1,:_+12212)52 — 0,6E — a,(1 - 8)E — aE} (4.1.4)
£{Epin®)} = £{o18E — yil — 611 — aly — L) (4.1.5)
L {Cng 12(1:)} = L{o,(1 = 8)E — y,1, — 0,1, — al, — nl,} (4.1.6)

£{$pf R®} =Lk + valo + v3lp — aR) (4.1.7)
£{EDf I, (1)} = Lo + 031, — slp —alp =1l } (4.1.8)
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Using the property of Laplace transform for Caputo-Fabrizio fractional derivatives, we obtain

Following the definition of Laplace transform for the Caputo-Fabrizio derivative,
(Laplace transform of the Caputo-Fabrizio derivative of functions)

The Laplace transform of the Caputo-Fabrizio derivative is given by
(2 — a)F(a) sL{u(r,t)} —u(r,0)
CFDa —

sL{s,(t)} —5,(0)
s+&(1-s)

p1(o11; + 0313)
Ny —Ip

L {bNh - Sl - ST]_S]_ - pSl - aSl} (4.2.1)

sL{s:(1)} = 52(0) _ {psl ILAGURE NN

— 1,5, — aS 4.2.2
S+f(1—S) N, -1, 2 — €107 az} ( )

sL{V(0)} — v(0)

s+&(1—ys) = L{er;S1 + e1yS; —wV — aV} (4.2.3)
sL{E()} — E(0)
s+&(1—ys)
_ '81(0-111 + 0212) ,82(0'111 + 0'212)
- L{ N1, T N rT 018E — 0,(1 - 8)E — aE} (4.2.4)
sL{1,(t)} —1,(0)
S j_ 71— ;) = L{o)6E — y Iy — 6,1, — al; — I, } (4.2.5)
sL{ ()} — 1,(0)
. i T = i) = £{o,(1 = 8)E — v,I, — 6,1, — al, — 1l,} (4.2.6)
sL{1,(¢)} — 1,(0)
S j— E(1 - Z) - L{Glll + 020, = v3lp —alp —nlp } (4,2.7)
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sL{R(t)} — R(0)

STEd—s) - Ly, I + v,I; + v4lp — aR} (4.2.8)
0 1- I I
L{s, (¢ )}—Sl( ) S+ S)L{bNh— 51(01 L% 2)51_57151 pS1 — “51} (4.3.1)
s N, -1
0 1-— I I
cls, (0 = 22 21 EE ) L{psl o) s, } (432
s N, — I
0 1-
L{v(t)} = Vi ) + St f(s $) L{eT S, + €1,S, — wV — aV} (4.3.3)
( )
LEG}=—
1-— I I I I
+S +¢&(1—5) L{.Bl(al 110 2)51 N B,(o1l; + 0 2)52 — 0\8E — 0,(1— 6)E
s N, — I, N, — I,
— aE} (4.3.4)
I (0) s+&(1—5)
L{,()} == ¢ - £{o,8E — y,1; — 6,1, —al, —nl;} (4.3.5)
I (0) s+é&(—5)
L{, ()} = = - £{o,(1 = 8)E — y,1, — 6,1, — al, — 1l,} (4.3.6)
(O) s+&(1—5)
L{,(0)} = o SS oy, + vl + y,l, — aR} (4.3.7)

R(0) s+&(1—5s)
L{R(D)} = —+ ES £{6,1; + 6,1, — y,Ip —al, —nlp (4.3.8)

According to the Adomian decomposition method, the solution will be in the following series
type
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51(t) = Y=o S1n(£), S2(t) = Y=o Son(£), V(t) = Y=o Vu(t), E(£) = Y=o En(2), I, (t) =
a%f Iin (t), () = Xq=o Ion (0) Ip (£) = X5=o Ipn () (D), R(t) = Y=o Rn(t)

The non- linear term involved in the model are I, (t)S; (t), Li(t)S,(t), I;(t)S,(t), I,(t)S,(t). These are
decomposed by Adomian Decomposition polynomial as

L(0)S1(t) = Y=o A1n, L(O)S1(1) = XiioAzn, L(D)S2(8) = XkoAsn, LS (8) = XkeoAan  (4.5)
Where A,, is Adomian polynomial defined as:

1 d

— k k k
e DR LA DY AT 1) N C X))

AO = S()IO y Al = S]_IO + 5011, Az = 5210 + 5111 + 5012, A3 = 5310 + 5211 + 5112 + 5013,. . . (47)

Applying equation (4.4)-(4.7) into the system (4.3.1)-(4.3.8), we have

L {i Sin (t)}

n=0
~5,(0)
S
N s+&(1— S)L BN, — _3101 Z%OAln B B0, Z:SO:OAzn
S Nh - n:OIDn Nh - n:OIDn

— (et +p + ) z sln} (4.8.1)
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[0 0]
L1 5 (®
n=0
_5,(0)
S
s+¢&(1—5) B,01 Y0 Az B,0, -0 Auy
+ L p Sln - o) - o)
S — Nh_2k=01Dk Nh_2k=01Dk
— (e1, + @) Z Sk (4.8.2)
k=0
[0.0]
£ h©
n=0
v(0)
s
s+E(-9) - -
+ erlel +STZZSZn (
s
n=0 n=0
+ a) z vV, (4.8.3)
k=0
[ee]
£ Ea®
n=0
E(0)
s
s+&(1—5) .3101 Yoo A1y B0, Y0 Az B,01 Y0 Asy B,0, -0 Auy

(o) (o) (o) + [o/e)
S h_2k=01Dk Nh_2k=01Dk Nh_2k=01Dk Nh_Zk:OIDk

—(0,6+0,(1=-6)+ a) Z E,t (4.84)
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L i 1, (t)
n=0

L(0) s+&(1-—s C N
= 12 )+ S )L 015zEk_(V1+91+“+’7)211k (4.8.5)
S k=0 k=0
L1 In(®)
n=0
1L,00)
s
s+¢é(1—s N N
+ ¢( ) L 02(1—6)2En—()/2+92+a+77)212n (4.8.6)
s n=0 n=0
L zlpn(t)
n=0
" 1,(0)
~ s
s+&(1—s) N N
S 91211k+ szIZk_(y3+a
k=0 k=0
+77)zlpk (4.8.7)
k=0
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L i Ry (1)
n=0 0

S

S+E(1—S) - - - -
+ L ylzlln+ y2212n+ y3len_ aZRn (4.8.8)

n=0 n=0 n=0 n=0

USing initial value Condition, ID (0) = IDOIR(O) = Ro, 12 (0) = 12011(0) = 110, E(O) = Eo, V(t) = Vo,
S5,(0) = Sy, S1(t) = Sy, matching the items on both sides of (4.8.1) —(4.8.8) and applying

Lig(©)S1k(t) = Avgey L (0)S1x(8) = Agpy L1 (0)S2x () = Asg, L33 (£)S2x (£) = Agye the general term of the
model is given below

{S + 5(1 —S) L{bN _ 101112810 _ B10215n,51n
s

" N —Ipn  Np—Ip,

z S1n+1) () = Lt — (et +p+ a)Sln}} (4.9.1)
n=0

B20111nS2n _ B20212752n
Nh - IDn Nh - IDn

1
L S—EL{pSln -

— (et + a)SZn}} (4.9.2)

z Var () = L£71 {w,ﬁ{erﬁlk + 1,85, — (w + a)l/;l}} (4.9.3)

N s+é(1—s o111,S 0215,S o111,S o,1,,S
EEnﬂ(t):L‘1 5( )L{ﬁl 1l1n 1n_|_,31 272n01n B20111n 2n_|_,32 2do2no2n
S Nh_IDn Nh_IDTl Nh_IDn Nh_IDn

— (6,6 + 0,(1 - &) + a)En}} (9.4)

N +&(1—
Z Len(@®) = L71 [#L{aﬁ&l -~ +6+ta+ 77)11n}} (4.9.5)

n=0
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= _s+é1—-5)
Z Lnin() = L7 [f L{oy(1 = 8)E, — (y2 + 02 + a + )2y} (4.9.6)
n=0
= Lis+éd—9)
z Ipsn(@) = £ f['{ellln + 0200 — (Y3 + a+n)pn} (4.9.7)
n=0
= _ls+é&1 =3
Z Ryt () =L 1{TL{Y1[1" + Valpn + V3lpn — aRy} (4.9.8)
n=0
Letn=0
s+é&(1—s 011;0S 0,150
S,(t) = £t LL{bNh _PinihoSio _ FroalaoSio (e1, +p + a)slo} (4.10.1)
S Ny — Ipo Ny — Ipg
s+é(l—s) 1 B201110S20  B202120S20
S, ()= LY{—A—2 —L{ Si10 — - — + a)S } 4.10.2
21(t) { S 3 P10 N, — Ip, Ny, — Ipg (e12 + a)Sz0o ( )
LJs+éd -9
Vl(t) = L fl:{gflslo + €T2520 - (O) + a)Vo} (4‘103)
s+&(1—-—s 011;0S 0,1,.S 011;0S 051,08
E\(t) = L1 f( )L{ﬁl 1110 10+,31 212k n B201110 zo_l_ﬁz 2120920
S Ny — Ipg Np — Ipo N —Ipo N —Ipo
(6,6 + 0,(1 - &) + a)En}} (4.10.4)
s+éd—s
Ill(t) = L_1<#L{0'15E0 - (Vl + 01 +a+ 77)110}} (4‘105)
s+ &1 -9
Ly(t)= L7! - s L{o,(1 = 8)Ey — (y2 + 02 + a +n) Iz} (4.10.6)
L)s+éd -9
Ipy(t) = L Tﬁ{eﬂw + 010 — (v3 + a +n)lpe} (4.10.7)
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s+ é1—5)
Ri(t) =L 1{TL{Y1110 + Y2lz0 + v3lpo — aRo} (4.10.8)
s+é—s 01110S 0,1,0S
Sy() = £71 s+id =9 )L{bNh _Bionlwdio  Fifilodio (et +p + a)slo} (4.10.1)
s Ny = Ipo Np = Ipo
s+é1—s5) 1 B201110S20  B202120S20
S,y(t)= LLY—DM—MM—[ —L{ Si0 — - - + a)S } 4.10.2
21(t) { S 3 P10 N, — Ip, N, — Ip, (eT2 + a)Sz0o ( )
Lis+éd -9
Vl(t) = L fﬁ{g'flslo + 87:2520 - ((1) + a)Vo} (4103)
s+éd—s 01110S 0,158 o111S 0,1,0S
Ey(t) = £-1 ¢( )L{ﬂl 1110 10+,31 2l2kd1n B201110S20 | B202120520
s Ny = Ipo Np = Ipo Np = Ipo Np = Ipo

— (0,6 + 0,(1—8) + a)En}} (4.10.4)

L11(t) = L"LWL{UﬁEO —(y1+60;+a+ 71)110}} (4.10.5)
L(t) = L"l<w L{o,(1=6)Ey— (Y, + 0, +a+ 77)120}} (4.10.6)
Ipi(t) = L£7F {w,ﬁ{ellm + 0,00 — (ys+a+ n)IDO}} (4.10.7)

R (t)=L71 {@L{yﬂw + V2l + v3lpo — aRO}} (4.10.8)

Applying the inverse Laplace transform, we obtain

B101110510 . B102150S10

bN, —
" N —Ipy Ny —Ip

S+E(1—S)L{
S

Si(t) = L"l{ — (et +p+ a)SlO}} (4.10.1)
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S, (t) = L1 {w L Sifl:{pSlo _ 3;:11132"20 ~ ﬁ;:{ZizO ~(er, + 0!)520}} (4.10.2)
V@)= L1 {w,ﬁerl&o + £1,50 — (0 + a)VO}} (4.10.3)
o= [t Bl Bl Fote
(6,6 + 0,(1 - ) + a)En}} (4.10.4)
Li1(t) = L‘LWL{Q(S‘EO —(y1+0,+a+ n)Ilo}} (4.10.5)
La(t) = £ w L{oy(1 = §)Eg — (vo + 0, + a + n)]zo}} (4.10.6)
Ip(t) = L1 [wﬁ{eﬂm + O30 — (v +a + n)IDO}} (4.10.7)
Ry(¢) = L‘l{wmylho + Valao + Valpo — aRO}} (4.10.8)

B101119510 _ B102150S10
Np = Ipo Ny = Ipo

S (b) = {bNh _ (et 4 p+ a)slo}{l +E(t— 1)} (411.1)

B201110S20 _ B202120820
Nh - IDn Nh - IDn

$u(0) = {pSio - - Ent S +HEE-1)  (“112)

Vi(t) = {11810 + 12850 — (w + )V {1 + &t — 1)} (4.11.3)

101110510 = P10215kS1n B201110S20 = B202120520
Ny = Ipo Ny = Ipo Np = Ipo Np — Ipg
+ f(t — 1)} (4.114)

E,(t) = { — (6,8 + 0,(1—8) + a)Eo}{l

Liy(t) = {016Ey — (y1 + 6, +a+ ) H{1l + f(t — 1} (4.11.5)
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Ly(t) = {0,(1 = 8)E; — (y2 +6; + a + {1 + &t — 1)} (4.11.6)
Ipi(®) = {8160 + 02010 — (v3 + @+ MIp}{1 + &t — 1)} (4.11.7)
Ri(t) = {y1lio + v2lao + v3lpo — aRoH1 + &(t — 1)} (4.11.8)
Letn =1
s+¢éd—s 0,144S 0,1,,S
Sp,(t) = L7t LL{bNh _AnlnSu  fioaladin (et +p + a)sll} (4.12.1)
S Ny —Ipq Ny —Ipq
s+é&(1—s 0111,S 0,158
Sy,(t) = L1 LL{ Sip — PeoilinSzy _ P20alonSa (e7, + a)SZl} (4.12.2)
S Ny — Ipq Np —Ipq
s+é(l—s
Vz(t) = L_l {#L{E‘QSH + €T2521 - (O) + af)Vl}} (4‘123)
E,(t) = L1 s+¢(1— S)L{ﬂ10111n51n + B10212151n + B20111nS2n | 202130520
S Nh - IDn Nh - IDn Nh - IDn Nh - IDn

(6,6 + 0,(1 - &) + a)En}} (4.12.4)

I,(t) = L"LWL{UﬁEl -1 +0,+a+ 71)111}} (4.12.5)
L(t)= £ w L{oy,(1=8)E; — (Y, + 6, +a+ 17)121}} (4.12.6)
Ip,(t) = EﬂFij%E:QLWJH+Bﬂm—(n+a+nﬂm% (4.12.7)
Ry(t) =L {w‘thn + yolp1 + v3lpy — aRl}} (4.12.8)
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1
S12(t) = {bNh - {Nh — {61110 + 02150 — (3 + a +n)Ipo {1 + E(t — 1)}
-1 té+a+ 77)110}{1 + f(t - 1)}}
- ,8102{{02(1 —8)Ey— (V2 + 0, +a+npHl + f(t - 1)}}] — (et +p+ a)} {bNh

_ B101110510 _ B102150S810
Np = Ipo Ny = Ipo

1 [3101{{0155'0

— (et +p+ a)slo}{l + &t — 1)}}{1 +&(t—1)} 4131

_ B101110510 . B102150S10
Ny — Ipg Ny — Ipg
1

- Np — {61110 + 0210 — (v3 + a + MIpoeH1 + &t — 1)}
— (1 + 61 +a+nlo} — Pr02{02(1 —8)Ey — (y2 + 6 + a + n)lxo}] — (75 + a)} {,0510

_ B201110S20 _ B202150S20
Nh - IDn Nh - IDn

Syo(t) = = {,0 {bNh — (et +p+ a)510}

[B,01{010E,

ety + a)szo}u +Et— DU+ &(t — 1))(4.13.2)

P101110S10  P102120510
— — (et

+p+ S}
No—Ipo  Np—1Ipg 1Hp+ @S

V,(t) = {srl {bzvh -

B201110S20  B202120S20
+ ety {pSlO TN L. N.-L. (eT, + 0()520} —(w
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1
E,(t) = [6101{016E)

Ny, — {61110 + 0210 — (vz + a + MIpe{1 + E(t — 1)}
B201110S20  B202120520 }
- — (e, + @)S
No—lpw  Np—lpy 12t @S2
B101110510 _ B102150S10
Ny — Ipg Ny — Ipy

— (Y1 + 01 +a+n)l} {9510 -

+ f102{02(1 = 8)Ey — (2 + 6, + a + 1)y} {bNh -

— (et +p + 05)510}
B201110S20  B202120520 }
— — + a)S
No—lpn  Np—lpy 72t @S2
B201110S20 . B202120S20
Nh - IDn Nh - IDn

+ Pr01{016Ey — (y1 + 01 + a + )y} {Pslo -

+ L202{0,(1 — 8)Eg — (Y2 + 0, + a + 1)y} {,0510 -

- (et + DS +EE— 1)

B101110510 = B10215kS1n B201110S20 =~ B202120520
Ny — Ipg Ny — Ipg Ny — Ipo Ny — Ipg

— (6,6 + 0,(1 - &) + a){

— (0,6 + 0,(1—8) + a)En}u +EEt— 1)}}{1 FEE—1)) (4134)

P101110S10 = P10212kS1n n B201110S20 =~ B202120520
Np — Ipg Np = Ipo Ny = Ipo Np = Ipo

I, (6) = {015{ — (6,8 + 0,(1—8) + a)EO}

—(n1t+t6+a+n{o6Ey—(y1 +6,+a+ 77)110}} {1+ f(t —D}1

+ &t — 1) (4.13.5)

P101110S10 = P10212kS1n n B201110S20 n B202120820
Np = Ipg Np = Ipo Np = Ipo Np = Ipo

1, (t) = {02(1 _ 5){ — (6,8 + 0,(1—8) + a)EO}

— 2t 0 +a+m{o6E,— (1 + 0, ta+ 77)110}}{1 + &t — DKL

+ &t — 1)} (4.13.6)
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Ipy(t) = {91{015E0 — (1 + 0 +a+nLH1+E(E— 1)}
+ 0,{0,(1 = 8)Eg — (2 + 6, + a + {1 + f(t —D}-(yz3+ta
+ {01110 + 0210 — (V3 +a+ U)IDO}}

R, () = {Y1{015E0 — (1t 61 +a+nho} + v2{o(1=6)Ey— (2 + 0, + a + n)lyo}
+ y3{0:1610 + 0200 — (v + a +mIpo} — afyiho + valoo + valpo — aReIH1
+ &t —-DHLI+EE—1)} (4.13.8)

Hence the required solution

S1(t) = S10(t) + S11(t) + S12(8) +. ..
So(t) = Syo(t) + Sp1(t) + S2(8) +. ..
V) =Vo(®) + V() +Vo(t) +. ..
E(t) = Eg(t) + Ey () + E5(8) +. . .
Li(t) =1Lo) +131(t) +I1,(0) +. ..
L (t) = Io(t) + 11 (t) + I(t) +. . .
Ip(t) = Ipo(t) + Ip1(t) + Ipy(t) +. ..

R(t) = Ro(t) + Ry () + Ry (E) +. . .

Summary

Diphtheria remains a re-emerging public health concern despite vaccination programs, with children and adults
exhibiting different levels of susceptibility and transmission potential. Classical integer-order models often fail
to capture the memory effects inherent in disease transmission, such as waning immunity and delayed
intervention impact, and few models incorporate age structure, which is crucial for diphtheria dynamics.
Motivated by these limitations, this study develops a novel age-structured fractional-order model of
diphtheria using the Caputo—Fabrizio derivative, which accounts for non-locality and memory effects in
disease spread.

The model stratifies the population into susceptible children, susceptible adults, vaccinated, exposed, infectious
children, infectious adults, isolated infectious, and recovered individuals. Rigorous analysis establishes the
existence and uniqueness of solutions via the contraction mapping principle and proves Ulam—Hyers
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stability, confirming the robustness of the system under perturbations. To obtain approximate analytic—
numerical solutions, the Laplace Adomian Decomposition Method (LADM) is applied, yielding a rapidly
convergent series representation. Results show that the fractional order significantly alters outbreak
intensity and timing, reflecting the role of memory in diphtheria persistence and control.

This work achieves three key outcomes: (i) the formulation of a new fractional-order, age-structured
diphtheria model; (ii) provision of rigorous mathematical guarantees for solution behavior; and (iii)
demonstration of efficient analytic—numerical solutions through LADM. The study contributes to knowledge by
introducing a more realistic modeling framework that integrates age heterogeneity and memory effects, offering
deeper epidemiological insights and practical guidance for sustaining vaccination and isolation strategies in
diphtheria control.
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