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Abstract
In this paper we derive the effectiveness of similar transposed sets of polynomials of
two complex variables in origin, when the constituent sets are originally effective under
a normalizing conditions for these sets.
Moreover, when the constituent sets under the normalizing conditions are algebraic and
functional sets, the effectiveness of similar transposed sets of polynomials in open
hyperspheres is given here. Finally the effectiveness of similar transposed sets of
polynomials and effectiveness of inverse similar transposed sets of polynomials are
studied here.
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1. Introduction and Preliminaries
In recent decades, we have centered our attention on a new family of multivariate
polynomials, and similar sets of polynomials, which are a great example of using
operational techniques in a general setting.
So we will first present similar sets of polynomials and then summarise some basic
findings related to these two families of bivariate polynomials which provide the main
background in our analysis along with the principle of analytical functions in [4, 10].
Polynomial sequences play an important role in solving numerous problems that exist in
many different fields of pure and applied mathematics (see, for example, [3, 11, 22]).
In 1937 Cannon [2] introduced convergence of some polynomials among the many
polynomials.
The main objective of this paper is to study the effectiveness similar transposed sets of
polynomials of one complex variable, which was recently defined and studied by
Sayyed and Mena [18, 19], Sayyed and Metwally [20, 21].
Newns [15] was introduced the transposed inverse set of a given basic set of
polynomials is the set whose matrix of coefficients is the transposed inverse of that of
the given set. Adepoju [1; Chapter I1]), introduced the effectiveness properties, in Faber
regions, of the transposed inverse set of a given basic set of polynomials.
In addition, similar sets of polynomials of two complex variables were defined and

studied by Makky [8, 9], a sequence {pm,n (z ,w)} being a basic set of polynomials of

two complex variables z and w is said to form a basic set, if the monomial
z™w"; m,n >0 for a unique finite representation as follows (see [2,5, 13]):

(m.n)
(1.1) z2"w" = Z Ty nnk P (2 W)
(h)K)=0
and the polynomials {p,, ,(z w)} are expressed in polynomial form as follows:
(m.n)
(1.2) Pon@ W)= D P2 W,
(h,k)=0

Volume 3| Issue 12| December | 2020 http://lwww.ijojournals.com/index.php/m/index


mailto:mosaed_makky11@yahoo.com
mailto:mosaed_makky@sci.svu.edu.eg

[JO - INTERNATIONAL JOURNAL OF MATHEMATICS

The values p,* and P, are called matrices of coefficients and operators of the basic

set {pm'n (z,w )} respectively; each of which is row finite. Thus, the necessary and
sufficient condition for the set {p,, , (z.w)} to be basic if

Prn = P =1
where | is an infinite unit matrix and (m,n) :%(m+n)(m+n+1)+n.

_ _ (m.n)

Let {p$(zw)} ;i=12where p{)zw)= Y ppkz'w* ; i=12 two basic
(h,k)=0

sets of polynomials of two complex variables be. Also, the matrices coefficients and

operators  p® =(p{*), p® =(pi)*) are arranged according to the sequence of

double suffices entities (g; ;)as follows €,,€,4,€01,8,0:€11:€0,) - ; the value

(i, J)for the enumerator number of &, ; among this sequence, such that:
(I,J)=§(I +)A+j+D)+j ; (i,j)>0.
The basic set {pm’n (zw )} of polynomials will be called simple set if the polynomials

Pmn(z,w) are of order n, if

(m,n)

Pra@ W)= >, ppiz'w

(h.k)=0

and it is a monic set if p;'t =1 forall (m,n), a basic set {pm’n (z,w )} of polynomials is
said to be Cannon set, if the number; N
holds

of non -zero elements in the relation (1.1)

m,n?

1

lim {N, .} =1,

otherwise it is called a general basic set (see e.g. [2]).
Also, the basic set {pm’n (zw )} is said to be algebraic of degree N; when its matrix of
coefficients satisfies the usual identity in [13] as follows:

a,p" +ap" t+..+a,l =0.

The Cannon sum ,, ,[r]; of the general basic set{pm’n (z,w )} is given by (see [14, 16,

17])
(m,n)

(1.3) O 1= 00 D 1 Pmk IM [Py it ]
(h,k)=0

and the Cannon function for the same set is
1

(1.4) olr]=limsup{w, ,(z W)} .
Also, suppose that {p‘)m’n(z ,w)} be inverse set of polynomials of the set
{Pn (z W)} where

(L5) PanZ W)= > Phtzw!
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and
(m.n)
z"w" = Z Prk Py (ZW).
(h,k)=0
Let {prij)n (z ,w)} ; 1 =12 are two basic sets of polynomials and set {pm’n (z ,w)} is

called the product set of two sets {p{l), (z w)} ; i =12 (see [1, 11, 12, 13]),
{Prn@w)}={p%, 2 w)}{p& @ W)},

(m,n) ) (m,n) (hk) - )
m,n 1Ds .t (2)h,
Poa@ W)= D priz'wh= > > plrtpitizwh.
(h.k)=0 (h,k)=0(s t)=0

Makky in [9] study effectiveness the similar sets of polynomials of a single complex
variable when each of the constituent sets is basic.

Now, consider similar sets of polynomials of two complex variables, whenever each of
the constituent sets are transposed basic sets.

Definition:
Assume that {f)rij)n (z ,w)}; i =1,2 be a transposed basic sets of polynomials; and let
{Un, (z W)} a basic set of polynomials given by (see [14, 18])
(L.7) {Upn@ W)} ={p%, @ W)HI® @ w)}H{pY, @.w)}
where
(m.n)

(18) umn(ZaW): Z umn'thh\Nk

’ (hK)=o
and

h.k R ¥ & st x(2i,i aMhk K

Kk _ S (st & (2)i,] &h,

U= D, D, D, Pun' Pz wr.
(s.0)=0 (i,])=0 (h,k)=0

That can also, be written in the form
h.k @ L & o) (st =i, K
, _ m,n s\t 5@)r,)
uphi= > > 2 paMpE 2wk
(st)=0 (i,j)=0 (h,k)=0
Then the set {um’n (z ,w )} is called a similar transposed set of polynomials of two

complex variables (see .e.g. [7]).
Configuring the basic property for similar transposed sets while they

{f)r(n")n (z ,w)} i =12 are basic. Also, let p* ; i =1,2, are matrices of coefficients
of the sets {F), (zw)} ; i =12, §" =(F3*) and the values U , U  are matrices
coefficients of the similar transposed sets {u,, ,(z.w)}.
Write the matrices U = p@p@p® and U = pPp@p®, then we get
uu = ﬁ(l)[j(z)ﬁ(l)ﬁ(l)ﬁ(z)ﬁ(l) =
and
UU = pOp@p0s0s@p0 — |
where 1 is unit infinite matrix.
Hence the matrix U of coefficients of the set {um,n (z,w )} has a unique inverse U ,

therefore the set {u,,  (z,w)} is basic.
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2- Effectiveness of similar transposed set of polynomials at the origin
In this section we study the effectiveness of a similar transposed set of polynomials

{Un,(Z W)} two complex variables, at the origin with normalizing conditions and

{pgv)n (z ,w)} © i =1,2 fulfil the following conditions:

(2.1) #P[0+]=0
(2.2) v[0+]>0; vr>=0
where
1

@) - ms{o,, M [p0.r]f

1
(2.4) vO[+]=liminf {5, M [ p{),r J}7r
whenever

M [Pt ]=max|pd) @w)l.

Therefore the transposed sets {ﬁ,ﬁ,‘?n (z ,w)} ; 1 =1,2 satisfy the conditions:
(2.5) aV[0+]=0
(2.6) 7[0+] > 0; Vr>=0
where
1

2.7 [1(”[0+]=Iimsup{am M [5r§j>n,1}}m+",

m+n—o0 ’ r
(2.8) 7O[0+] = liminf {amnM [ﬁ;jz,l}}m*"

m+n—o0 ! ! r
and

iy 1 (i
M {pfn?n,;}:ngaxl Pon (Z W)
Also, the transposed inverse set {ﬁr‘j?n (z,w )} satisfy the following conditions:
(2.9) A9[0+]=0

_1
2.10) ﬁ(l’[0+]=limsup{am M [ﬁrﬁ?n,l}m,
' r

m+n—oo

To study the effectiveness of similar transposed set of polynomials at the origin, we
present at the beginning some lemmas that explain this experiment in preparation to
prove this effectiveness.

Lemma (2.1):
Following set {p (2 ,w)} satisfies the condition (2.1), then the transposed power set

{"p;(z.w)} satisfies the condition " i[0+]=0.
Proof:
By transposed product set, write the square transposed set {Zf) (zw )} where

{76, @w)}={p,@w)}{p;zw)]
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then the square set is the transposed product set of two coincident sets, each of which
satisfies the condition (2.5), then the set {Zﬁj (z ,w)} satisfies condition *a[0+]=0.

Therefore the power set {”‘ﬁj (z,w )} satisfies condition "Z[0+]=0 and the set

{"*p;(zw)} is transposed product of two sets {f;(zw)} and {"p;(z.w)} as
follows:

("B, @ w)={p; 2 w)}{"p; W)}
which satisfies respective conditions (2.5) and "iZ[0+]=0, then the power set
{m*lp (z w)} satisfies condition ™"#[0+]=0 and the proof of that this lemma

follows, by induction.
Lemma (2.2):

Following transposed sets {ﬁrﬁj?n (z ,W)} ; 1 =1,2 satisfy the condition (2.5) and the set
{prﬁ?n (z,w )} is algebraic one, then the similar transposed set {um'n (z,w )} holds:

1
(2.11) y[0+]_llmsup{a max‘umn (z w)‘}m" 0.

m+n-—o

Proof:
Let the set {ﬁgg (z,w )} satisfies the condition (2.5) and by lemma (2.1), it follows that

power set { pr(ﬂl)n (z w)} accords the condition yﬂ) [0+]=0. Hence by (2.7) we get

(2.12) O M [ prff’n,r1]<k1r2 ; m,n>0, j=>1.
If the set {f),ﬁ)n (z.w )} is an algebraic set then we get
~(i)h,k h,k 15 t1 j =(@i)hk
(213) pm n ym,nam,nao +Zj pm n
where a(t)‘ .1 =1, 2 are constituent and { pr(nl?n (z ,w)}; j 21 is the j-th power of

transposed set { %), (z w)} .
By (2.12) and using Cauchy's inequality, the relation (2.13) is

Oh k I‘
h+k
mn 5

(2.14) B | < ko8t +1)
where max|e; |.
0<j<1
Suppose that {§5{?) (z w )} satisfies (2.5), we have
2 1 1
(2.15) o, M|p,— <k m,n>0.
’ ",

1 mn’
5

r-4
By relations (2.14), (2.15) and Cauchy's inequality we get
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1
(2.16) M [y, =1 = rgax\um,n(z W)
7
(mzn:) (hz,k:) (i) (th o i 1
< 1B P | ———
t
(NK)=0 (i'1)=0 (s.0)=0 "oy,
(mn)  (hk) (i) (1)hk on 1 1
i,j i
< > | BN B P |
(hKk)=0 (i,1)=0 (s)=0 ;O
mn) (k) (i) o rw 1
(1)h K g@id 2iite
<kk, > Y | Bk | pa | 2l
(,K)=0 (i,1)=0 (s.1)=0 O A& O
(m,n)  (hk) (i,j) 1 O_ rs+t o
(1)h k (2)i,] ij
<kk, DD | B B | ——— —
| r J r
(h,k)=0 (i,j)=0 (s,t)=0 O-ij 5 o-s,t 7 O_s,t
(m,n)  (hk) (i,j) 1 o, rs+t o .
(1)hk ) ij
= klkz z Z | p |M [ph k v_] rSH
(hk)=0 (i,j)=0 (s1t)=0 5 Ogy 7 0y
(m,n)  (hk)  (i.j) 1 o oo
~(l)hk i,]'6 i,j
_<klk2 Z Z | | h+k S+
(hk)=0 (i.j)=0 (s:t)=0 Iy " Ohx  Osp I Oy
(mn)  (hk) (i) 1 o rs+t o .
<k.,k,M [pﬁ( ,—] Z (1)h k - i B
I, (hK)=0 (.j)=0 (s.1)=0 r4 Ohy Oy b 0Oy

m,n?

<k k,M[pY —]
ry

from which, we obtain

1 1
;{i}:um sup{M [umn;i]} <Lim sup{klkZM {Pﬁ, 1}} =" {1}
r; m-+n—w o m-+n—w r, r,

where k, =40 +1.
If r, and r, are chosen near to r then we get
u[0+]< @Y [0+]=0.
Therefore we obtain
,u[0+]:0,
Now, we can use the lemmas above to prove the following theorem concerning the
effectiveness of similar transposed set {um’n (z,w )} of two complex variables at the
origin:
Theorem (2.1):
Let {p$)(zw)}; i =1,2 be two algebraic sets satisfy condition (2.5), and then the

similar transposed set {um,n (z,w )} will be effective at the origin.

Proof:
Since each of two sets { 0 (z ,w)}; i =1,2 is algebraic condition (2.5) satisfied

m+n
r,

(2.17) BN [ < kB, +

h+k
m,n r
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m+n

R R X e
Onn I
Also, the sets {p{), (z.w)}; i =12 satisfy the condition (2.11), then we get
,u[O +] =0.

Therefore

1 1
(219) O M[umn’ ]'<klm

6 r5

Inserting (2.16), (2.17). (2.18) and using Cauchy's inequality in Cannon sum of similar
transposed set {u,, . (z w )} we get:

1 w 1
—s
q)m,n[_]:o-m,n z M [ust’ ]
s (s.)=0 s
(mn) (k) (L) (th o e 1
i,j S
A D I Y B N P | ——
(h,k)=0 (i,j)=0 (s,t)=0 r‘5 st
W R K (1)hk & (2hk @i 1
i
<K X D, | B 1P P | ==
(hK)=0 (i,1)=0 (s)=0 s Oy,
mn) (k) @) (l)hk _onk | O 1
-<klk20-m,n Z Z Z |p ” p| | Y i+j .54t
(hK)=0 (i\1)=0 (s.)=0 Og: I3 s Oy
(mn) (k) (L) o oo it s
(1)hk h.k h,k i,j 12 4
_<k1k26m’” Z Z |p | h+k i+] .5+t
(hK)=0 (i,1)=0 (s.)=0 el Oij Osy I3 7 Is Oy

< I(lk2k3am,nl\/I [ﬁm,n ’rl]
1
where

kz = ﬁl(tl +1) ;
k3 :ﬂz(tz +1) .
Therefore the Cannon works as follows
O[] < VL]
6 1
chosen r, and r, near to 0+ we get

®[0+]=0.
That is to say, the similar transposed set {um’n (z,w )} was effective at origin.

Now we are going to take into account non-algebraic sets of polynomials of two
complex variables, for this suggestion we will take the following two lemmas:
Lemma (2.3):

If the transposed sets {p%) (zw)} ;i =12 satisfy condition (25) and the set
{BY,(z.w)} is general set satisfies the condition (2.6), which is effective at the origin

of C?, then the similar transposed set {u,, .(z,w)} holds:
(2.20) 4[0+]=0.
Proof:
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From effectiveness of the general set {5, (z w )} at the origin, that

1
(2.21) &V [0+] = lesup{M[pfnl)n, ]}m+n=0.

m+n—o

where

B
2 P pa@zw)

(hk)-a

@"[0+] = o, , supsup
a,p Sl

or

~(1’[ ]<k( )m*”; m,n >0.

By condltlons (2.5) and (2.6); we have

(2.22) o M{pﬁf)n, }k( ymen
I‘4 5

(2.23) O-m,nM |:p‘r(nl?n’r£:|>'k(£)m+n; m.n>0.
3 2

By (2.21), (2.22), (2.23) and Cauchy's inequality it follows that:

1
(2.24) M [umyn;r—]=rrslax‘um'n (zw)
1
3
(mz’ri) (g:) (i) (l)h k ” (2)i,j ” (1)st |(1)S+t 1
< p Pi’j —-) —
(hK)=0 (i1])=0 (s.0)=0 ; i Oy
1
®
(m,n)  (h,k)  (i.J) Dh K ) . M [Pl J’ ] 1 1
] st S+t
PV L L e e
(hk)=0 (i,j)=0 (s.t)=0 [p(l) ] O+
i j'
"(l)
@ @ & (1)hk ()i [3] 1 1x
< +
(h%:o (.%:0 (s.)=0 ”p | M [P® 1 r3)
M [ SO ]
3D WD W[ G- Ty By
<K P Pk 5 —(—
(NK)=0 (I'])=0 (s0)=0 r," Oi;i b
(m,n)  (hk) (L)) 1
<k, > > | PO M P2, ]( )S+t
(h,k)=0 (i,j)=0 (st)=0
(m,n) (i) Dh 1 r
_<kl Z z p‘r(n)n | h+k (_2)54—t
(hK)=0 (s.)=0 5 Ohk I3

<k,M [Pn?’n, ].

Taking m+n —ow and keeping in mind that the set {ﬁfj?n (z ,w)} satisfies (2.5), we

get
u[0+]< @ [0+]=0.

Volume 3| Issue 12| December | 2020 http://lwww.ijojournals.com/index.php/m/index



[JO - INTERNATIONAL JOURNAL OF MATHEMATICS

Therefore we get
,u[O +] =0.

Lemma (2.4):
The similar transposed set {um,n (z,w )} , satisfies the condition

(2.25) v[r]>0 for r>0

whenever the transposed sets {ﬁrﬁj?n (z ,W)} ;1 =1,2 satisfy the condition (2.5) and
(2.6) and the set {p?) (z.w )} is effective at the origin,

Proof:

The transposed sets { ), (z.w)} ; i =12 satisfy the condition (2.6) we get

= 1 1 m-+n
MIpo;=1<k(=)"".
4 r5
Also, the transposed set {f)r(nz)n (z,w )} is effective at the origin, satisfies conditions (2.5)

(2.26) o

m,n

and (2.6), so must be its inverse transposed set {p(z’ (zw )} thus we get

(2.27) o M[p? —]<k(—)m+n

m,n’?
I 4

The similar transposed set {u . (z W)} written in the form:

(U@ W)} ={p%, @ W) H{FP (2 W) B, (2 W)}
Therefore
(B @ w)={u, ,@w)HPL, @ w)H{PL, (. w)}

from which we get
(mn) (k) (L)
Panzw)= > > o Bk 1B 125wt
(h,k)=0 (i,j)=0 (s.t)=0
By (2.26), (2.27) and Cauchy's inequality we obtain:
(mn) (k) (L) 1

rm _<O-m,n Z Z Z | ” p(l)l ! ” p(Z)St |ﬁ
(h,k)=0 (i,j)=0 (s,t)=0 O, 03
(mn) (k) G.i) (1)| (Z)Sl 1
(MK)=0 (i,1)=0 (s.)=0 05,03
K Wi, ). 1
=Opn 2, 2, Jur I M [P,
(hk)=0 (i\])=0 Iy
(mn)  (hk) o 1
< |(lgm,n Z Z | ” p J |T
(hK)=0 (i,j)=0 r, o
(m,n)
~ (1
_<klo-m,n z | |M[ IE{U ]
(h,k)=0 4
@y 1 1
_<klo-m,n z |um’,n |T<klo-m,nlvl[um,n;_]
(h,k)=0 s Oy 13
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v[l}zr > 0.
r5

Chosen r, near to r then we have
v[r]>0 for r>0.

Theorem (2.3):
The general transposed set of polynomials of two complex variables {ﬁrf?n (z ,w)} is

so that

effective at the origin of C?, satisfies condition (2.5) and (2.6). Then the similar
transposed set {um'n (z,w )} is effective there, satisfies the conditions (2.20) and (2.25),

if and only if, the transposed set {ﬁﬁf}n (z ,w)} is effective at the origin of C?* and
satisfies the same conditions.

Proof:
From effectiveness of general sets {ﬁrﬁj?n (z ,w)} ; 1 =1,2at the origin, we get
(2.28) ~(1’[ ]<k( )m+n ; m,n>0.
4
(2.29) ~(2)[ ]<k(1)m+n : m,n>0.
If the condition (2.20) of Iemma (2.3) is satisfied then we get
(2.30) o.M umn,i}k(i)m”.
y L ' r2 r-3
By condition (2.6); we obtain
(2.31) o, M ml)n,l}>k(l)m+n; m,n >0
’ L Y r3 2
_~(2) 1 1 m+n .
(2.32) on oM pm'”’r_ =k(=)""; m,n>0,
L 4
By (2.28) - (2.32) and Cauchy's inequality it follows that:
1 _
(Dm,n[_]zdm ‘ e hk’ ]
r2 (h,k)=0
(mn) (k) (L) 1
SOpn D, D) Z Ban ™ 0% 1B IM[ust, —1
(h,k)=0 (i,j)=0 (s.t)=0 2
(mn)  (hk) (i) 1
<KGpn D, D | Bon ™ 1P 1P | =
(hK)=0 (i,])=0 (s.1)=0 O 03
1
16
(mn) (k) (i) BN || G | g Gs,tM[ps,ﬂrs 1
<k,o, (h%:o (Z > P 1Py | o 1o
i,j)=0 (st)=0 UstM[pst’i] st'3
, v
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~(1)[ ]
(m,n) (h,k) @,j) r s+t
(1)h K| g
_<k16m,n Z z ”p | ﬁ
(hK)=0 (i,])=0 (s.)=0 O, [
1
~(2).
mn) k) (i) o | 5 Ui,jM[pi,j’? L e
1 i 4 2
_<k16m,n Z Z |p ”p | 1 i+j S+t
(hWK)=0 (i\[)=0 (s.0)=0 o M[p®; = My " Og4ls
, )
1
~(2) o
mn)  (hk) L) (th @y ¢ [?4] [ i+] r s+t
_<klo-m,n Z z |p |— - -
(K)=0 (i\))=0 (s.)=0 Osy N4 i
(mn)  (hk) (i) (1)hk 1 r, i+ r, s+t
<Koy 0 z z | Pon | ——| = —=
(hk)=0 <i,j):o (s.0)=0 Onils r, r

mn’

<kyo, M[FY; 1.
5

Therefore

®d[0+]=0.
That to say the similar transposed set {um'n (z,w )} effective at the origin, and satisfies
conditions (2.20) and (2.25), by using lemmas (2) and (3) respectively and the "if"

statement follows.
Now, to prove the only if, write

(8 @ w)={p, @w)H{u,, @ w)HB, (2 w)}
let the set {u, ,(z.w)} is effective there satisfies conditions (2.20) and (2.25), the

inverse transposed set {ﬁﬁ?n (z ,w)} is effective at the origin and satisfies the same

conditions. Then the similar transposed set {f)fnz)n (z,w )} is effective at the origin, and

satisfies conditions (2.20) and (2.25).
3- Effectiveness of similar transposed set of polynomials in
open hyperspheres

Now we are investigating the effectiveness of similar transposed set {um,n(z W )} of

polynomials of two complex variables in open hyperspheres whenever the constituent
sets are effective there.
We can only be algebraic and compliance with the relevant requirements

1
31 v {ﬂ Lim sup{a M [pmn,:]}m+n <%; forall r =R, i =1,2.

For this purpose, we give the following lemma:

Lemma (3.1)

The transposed set and the power transposed set accord to the same condition (3.1).
Proof:

First suppose that the set {§,, ,(z.w)} satisfies condition
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1
(3.2) ;{1}: Lim sup{am MIp., ,1;1]}””n <%; foral r=R.
r m+n-—oo ' ' r
then
<~ .1 1 mn
(33) O-mnM[pmn’F]_<k (F) , (m,n)ZO
1
The transposed product set of the two sets {f)ﬁj?n (z ,w)} ; 1 =12, are satisfy the
following relation:
(m.n)
2ij,n (zw)= Z ﬁ:]i:\ P (W),
(h.k)=0
By relation (3.3) and using Cauchy's inequality we get
-1 T .1
Gm,nNI [me,n;_]so-m,n z | przl:] |M [ph,k ’_]
r (h,k)=0 r
<o, S I =
Lo (h K)=0 " r1h+ko-h,k

-<kl Um nM [ﬁmn;l]'
: "

So that

2;”z[l]s,[z[iki; forall r = R.
r r,” R

Also by the same way we can prove that

H,Zz[l] < H,[z[l] < l; forall r =R

2 3 R

and by induction we get

1[1[1]<£; forall r>R.

r- R

We can deduce the following theorem from this Lemma:
Theorem (3.1):

When {f)r(n")n (z ,w)} ; 1 =1,2 two algebraic sets are effective and satisfy in the open
hyperspheres S, the condition (3.2), then the similar transposed set {um'n (z ,w)} §

effective in open hyperspheres S, .

Proof:
Let two sets {p$) (zw)} ;i =12 be algebraic sets each fulfilling the following
conditions:

_ O_ rm+n
(3.4) POnK| < kB, +1) 2

Um,n r-2
(35) o MBS 21 <k, (2)™
’ ‘ r2 r3

Therefore
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1
(3.6) M [um'n,r—]: rrgax‘um’n(z w)|
¥ P X (1)hk @i 1 ~Os it 1
<> 2 o 105 | ==
(h,k)=0 (i,j)=0 (s.t)=0 4 Osy
@ ¥ K (l)hk )i, Wi ] 1
<> > 1B BN P | ——
(hk)=0 (i,j)=0 (s)=0 4 Osy
(mn) (k) (i) (1)hk N
<kk, D D S e B e
(hk)=0 (i,j)=0 (s.t)=0 Ot r, r, st
(mn) (k) (i) 1 o
<kik; L
(h%:—o (i%:—o (s.0%0 " oy, rfﬂffs,t
(mn) (k) (L) 1.0,,0,, "
h,k
<kik, > DN i IM[pézﬁ, ] -
(hk)=0 (i,j)=0 (st)=0 Oy I, Oy
, h,k t
Kk, (E) (Z) (i.d) |~(1)hk| O-i,jo-i,j e
(hk)=0 (i,j)=0 (s1t)=0 Uh,k Os rf”ffs,t
1
= k k M [prgwl)nl_]
I'-3
where
k,=p(t, +1).
Thus
1
1 m+n
,Ll[ ]<I|mSUp On M[umnv_]
r, m+n—w r,
1
. 1 m+n 1 1
<limsup: o, .kk,M[pS; ] < a"[=]
m-+n—w r, r,
and
1 1
MUy 0 —1<K (5)"
4
Now, taking
m+n
1)h,k
(3.7) [T AG e
m,n "3
o, rm+n
(3.8) PO [< kB, +1) 2
O-m,n rl
By (3.6), (3.7), (3.8) and Cauchy's inequality it follows that:
1 (mn 1
1) “l=0c ‘—hk ’
m,n[r ] m,n h, k r ]

4 (h k)=0

Q¥ K K (1)hk i) st 1
SO-m,n Z Z Z ”p ”p |M[ust’ ]

(h,k)=0 (i,j)=0 (st)=0 4
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(mn)  (hk) (i)

1
(1)h K || Fhk Wi, .
SOun 2, 2 2 | 1™ g IM [ug, ;=]
(hK)=0 (i,])=0 (s.)=0 r,
¥ @ K (1)hk =(2)h K Qi 1
i
<kk,00, Z Z [Bon” 1P I Pse ! | 50—
(K)=0 (i,)=0 (s.)=0 I5 Oy,
mn) (k) (i) (l)hk o o, | rs+t 1
< klkzo- z Z Z | B |l Pij I " g
(hK)=0 (i,))=0 (s1)=0 st 3 s Oy
mn) (k) (L) o o st g
'<k1k20' z z Z |p(1)hk| hk 1o i,j Ig
h+k i+]j s+t
(hK)=0 (i,)=0 (s0)=0 o o5 I I O
, h k t
Kk k W P & ~(1)hk Ohx  Ohk r2 O-i,j r” 1
<KiKy0nn | P | h+k h+k i+] vt
"o . r" o,
(hk)=0 (i,j)=0 (s.)=0 Ohihy ijh st 13 5 Ost
®
< k.k kaamnM[pmn, ]
l
where
kZZﬁl(tl+1); k3=,32(t2+1).
So that

"‘[E]S"mSUp{‘Dmn[E]} + Sﬁm[lké; forall r>R.
ol ;

4 m+n-—ow 1
In other words, the similar transposed set {um,n (z ,w)} effective established an open

hypersphere S, .

4- Effectiveness of similar transposed set of polynomials in closed hyperspheres
Now we are giving some important results for the effectiveness of similar transposed
sets of polynomials in some other regions, and a new study of the effectiveness of these
polynomials is being considered, and proof of these results is given in a similar manner
to those previously identified in this study.

First effectiveness of transposed basic set of polynomials of two complex variables

{Bnn(zw)} in closed hyperspheres S, whenever the simple basic set {p, ,(z.w)}

effective in closed hyperspheres S, with leading coefficients unity.

The effectiveness of transposed basic set of polynomials given in following theorem:
Lemma (4.1):

Suppose that{pm'n (z,w )} be simple monic set with leading coefficients unity effective
in the hyperspheres S, then the transposed set {p’m’n (z ,w)} is effective in the closed

hyperspheres S,

r

Let {p,,(zw)jbe a transposed inverse set of polynomials of the set

{Pn(z W)} where

Poa(zw)= : pakz'w’ = ’ Pz W
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Effectiveness the transposed inverse set {ﬁm,n(z ,w)} of polynomials in closed

hyperspheres S, ; r >0 with leading coefficients unity, whenever the basic set

r

{pmyn (z,w )} is effective in the same region under the same condition as follows:
Lemma (4.2):

Suppose that{pm’n (z,w )} be simple monic set with leading coefficients unity effective
in the hyperspheres S, then the transposed inverse set {f)m‘n (z ,w )} is effective in the

closed hyperspheres S .

r

Let {prfj?n (z,w )} ; 1 =1,2 are basic sets of polynomials of two complex variables and
the set {d, ,(z )} is called the product set of the two sets {5, (z.w)} ; i =12,

{Gna @)} ={BS, @ W)H{FE (W)}
Now, the effectiveness of transposed product basic set of polynomials of two complex
variables {d, ,(z.w)}={p%, (z.w)}{p%,(z.w)} in closed hyperspheres S, whenever

r

the sets {pr(n‘fn(z ,w)}; i =1,2 are simple monic ones, are effective in closed
hyperspheres S, with leading coefficients unity, i.e. p{r" =1; i =12.

Lemma (4.3):

Suppose that { p, (z w)} ; i =1,2 be simple monic set with leading coefficients unity

effective in the hyperspheres S_, then the transposed product set {qjm(z W )} is

effective in the closed hyperspheres S, .

r

Now, we give effectiveness of similar transposed set {um,n(z ,w)} in closed

hyperspheres S, whenever the transposed simple basic sets {ﬁ,ﬁ: fn (z ,w)}; i =12 are

r

effective in closed hyperspheres S, and also, whenever the simple basic sets

r

{pfn")n (z,w )} are effective in open hyperspheres S, with leading coefficients unity,
pimt =1;i =12.

Theorem (4.1):

Suppose that{p(” (z ,w)} . i =1,2 be two simple monic sets with leading coefficients

unity effective in the hyperspheres S_, then the similar transposed set {um’n (z,w )} IS

effective in the closed hyperspheres S, .

r

The inverse set of polynomials of two complex variables {u‘mn (z ,w )} as follows:
(T @ W)} ={p%, @ W) H{BE, (2 wW)}H{pS, 2 W)}
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Now, we give effectiveness of inverse similar transposed set {T, ,(z.w)} in closed

hyperspheres S, , whenever the simple basic sets {pg')n (z ,w)} ; 1 =12 are effective

r

in closed hyperspheres S, with leading coefficients unity, i.e. p

Theorem (4.2):
Suppose that{p{), (z.w)} ; i =1,2 be two simple monic sets with leading coefficients

bmn =15 i =12.

m,n

unity effective in the hypersphere S_, then the inverse similar transposed set
{T,,@Zw)} is effective in the closed hypersphere S, if and only if the set

[P, (z.w)} is effective there.

Conclusions

In this paper, where the correctness of the corresponding functions is effectiveness in
origin, in the open hyperspheres and in the closed hyperspheres, a new comparison is
proposed to study some significant properties of some corresponding functions in two
complex variables, and this study is called a new one of its kinds. Generalization of the
corresponding position and it has relevance in many areas of application and physics.
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