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Abstract

This work addresses the development of four step linear multi-step methods for the solution

of third order ordinary differential equations. The approach requires the construction of a
truncation error term and expanding it in Taylor’s series. The resulting FOUR step method are
analysed to show that it is consistent, zero stable and hence convergent with good interval of
absolute stability. Thus the new method satisfies the minimum condition for a linear multi-step
method to be acceptable. The technique of derivation employed in this work is easier and more
adaptable than those of collocation
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1. INTRODUCTION

Ordinary differential equations (ODEs) are fundamental in modeling dynamic systems across
various scientific disciplines. [1]’s paper discusses the construction of linear multistep methods,
providing insights into the techniques used for their development and analysis.Burden and Faires'
[2] textbook is a comprehensive resource for numerical analysis. Chapter discussions on
multistep methods offer foundational knowledge in the field.Butcher's book [3] is a classic in the
field, providing a deep understanding of various numerical methods for ordinary differential
equations, including multistep methods. [4]’s book covers the computational aspects of ordinary
differential equations, providing valuable insights into the development and analysis of
numerical methods. The first volume of [5] series delves into the numerical solution of nonstiff
ordinary differential equations, offering relevant information for the development of multistep
methods.Lambert's work [6] is a foundational resource on computational methods for ordinary
differential equations, providing a historical context for the development of numerical
techniques.Shampine and Gordon's book [7] is a classic in the field, providing practical insights
into the numerical solution of ordinary differential equations, including the development of
multistep methods. This paper presents a novel contribution to the field by introducing a four-
step linear multi-step method for solving third-order ODEs. The methodology involves the
construction of a truncation error term, which is then expanded using Taylor's series.

The resulting four-step method undergoes a thorough analysis to establish its key properties. We
demonstrate its consistency, ensuring an accurate representation of the underlying differential
equation. Moreover, we prove its zero stability, indicating reliable behavior, and establish its

convergence with a substantial interval of absolute stability. This work represents a significant
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advancement in numerical methods for ODEs, providing an efficient and acceptable solution to

the complex challenges posed by third-order equations.

2. METHODOLOGY

This section describes the development of a foursteplinear multi-step method for the solution of

initial value problems of ordinary differential equation.
MethodsOf Derivation Of The New Linear Multi-Step 2.1

1. The L. H. S is expanded by Taylor’s series about h
ii.  The R. H. Si.e. y,,; is expanded in Taylor’s series about h.
iii.  Replace the function f;,; with ¥, ; and then expand in Taylor’s about h
iv.  Put the system in matrix form
v.  Determine the values of a's and 8's

vi.  Finally form the new linear multi-step method

vii.  Test the linear multi-step method for convergence.
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From

3

4
Ynik = Z a ynsi +h® ) B Frtj

i=0 j=o

Implies

(2.1)

Yn+k = @oYn + O Yni1+@Vniz + @3Vniz + 13 [Boyn" + Biyiia + BoVita + BsYntz + Baynial(2.2)

Expanding the L.H.S.by Taylor’s series, about h and when k =4, we obtain;

(4n)° +(4h)1y, +(4h)2y,+(4h)3y

5
L é4h W +(4h)6y;;i L0 (4n)®

— ’ ,”+(4h)4 v 4h)7 vii+ viii_l_m
Inea = T I T Y T O 41 T 6! 71 g on
4010 1pia o P05 43RE 4Rt u,  4SRS L 4ShS L 4TRT L 4%RS i 4oy
Ynta = 4°hyn + 4 yn + 2 In + 6 In + 22 In + 120 n + 720 71 504071 4032071 + 362880 +
0y sy o 2O G 256K 1024A° , 4096RC . 16384K .  6SS36hT .  262144K°" 23
Inea U T T T T I T M Y0 " T 720 0 T 5040 7 T 40320 0T 362880 :

Expanding the coefficients of a, a; a, as fo B1, B2, Bzand B,by Taylor’s series about h as in

equation(2.1), we obtain;
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0 SIS (AT yn oy T s 6 Ty I e T o 10
C(Oynh +d1<ynh +ynh+?h +Th h + h +?h 3l h Wh +10'h
4yn 8y, 16y . 32yY . 64yy 128y2" _ 256yrh®  512yi*h°
+a2<y0h +2ygh SR S b R RS =S = = o
1024y 1, )
10!
G, , B, Gy, (3h)3y'"h +(3h)4y£" 4 (3h)5y1'ih5 Bh)yrt o BRYy
oo 1! 2! 3! 4 5! 6! 7!
GRS o | G | GO )
8! 9l 10!

o o Vo Yoy L YR o T W
+ 1 [ﬁy h +ﬁ1{ynh R Sk kY Tkt TR e T

8 vi 16 vii 128 xh7
+ﬁ2{y,;”h°+2y,?h+ y"h +2n 3 g oI I +}

3! 41 7!
L2 B 243y o 720y 2187y
+B3{ ' hO + 3y} 33'1” 3 + il' h* + 53'1” RS + 6'y” h® + 7'y" R + - }

G N G A G L B N G B A € A Gl R N GO I IO
+ﬁ4{ o 2! C T Y - R A B TR
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By clearing the bracket, we have;

y y’” y yv yvi
aoynh’ + a1y, h° + ayyph + ay 7nh2 ta g h* + 27; h* +a; 12110 &1 ﬁnohE)

y"” ' " 8a,y," 160(2yi"
T 5(?40 h7 + -+ a,y,h® + 2a,ynh + 2a,y, h? + Tniv” T2 -

h4—
32a,yY b 4 64a,yy . 128ayyt

9
20 720 2040 h7+a3h0yn+3a3hy,’l+za3h2y,’l’

+ —azh®y) + — azh*y! +243a hSyY +729a héyy? 2187a h7ypt

6561 19683 59049

8.,Vviii 9.,ix

ash 2 g h1oyx 3
203209 T 362880 %" Y T 3628800 % «+ Foyn

. By By Biydt LB you B1yix
ivy,3 5 8
AR AT R 24h 120 " T 720

h9

ﬁlyrjlc hlllglyralci h12,81yx” h13ﬁ yxlu
+———h'"+ + + + o4 Boyith® + 2B,y h?
5040 40320 362880 3628800 Bayn Bayn

8yvi 16,823/”” 32ﬂ2ymu 64,82yix
v1,5 n 6 7 8 n
+ 26,7 h +—6 h® + 24 h’ + 120 h® + 720 h
128B,y7

9Bsy. 2785yl
10 "3 ivp4 4 nyps 3)n 16
£040 h*" + -+ B3y, 'h® + 363y, h > h° + G h

_|_

818,y 2438, yriil 729y B, 218785y
h7? h8 9 =271 p10 wee 4+ h3
T 120 270 " T 5040 oot R Bayn

16 64 256h7 W 1024h8B,yY
+4h4ﬁ4Yn+_hsﬁ4}’1’l’ +_h6,84 nr Zf4yn + 120134}’71

4096h° B,y

720 (24)
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Equating equation (2.3) and equation (2.4), we have;

oy s apy g YOI 64RT 256K 1024K°  4096K° |  16384N% . 65536h° .  262144K°y
Yrta TV TR T T T T T 0 T 720 M T 5040 00 T 40320 0T 362880
, yrr ym y yv yvi yvu
=aoynho+a1ynh°+a1ynh+a17nh2+ g h®+ 12’;h4 112'10h5+a17'210h6+a156140h7+ -+ a,y,h°
8a, " 16a,yr 32a,yy 64,y 128a,yPi
20,y h + 2a,y h? + —22 b3 4 5 6 R + -+ azh%y, + 3ashy,
+ 2yt 2 Yy 6 t T 120 720 5040 0 T asynt 3ashyn
WO 2T s Bl 243 729 i 4 58 o i
2 @y + " Py + g ashty + o ashiyl + s ashoyt + cpa 40320 %"
19683 ; 59049 ﬁl)’n ﬁl)’n Byt
9,,ix 10 "3 iii 3,3 ivp4 5 6 7
362880a3h Y +3628800a3h 5+ Boyn 'h® + Biyn R+ By ht +——h h 24 ——h
Buyd o B o B 1, dina i vhs 4 8yn 6y 168,700 32By0
+ ST RS 4 SR 4 SR ek By 4+ 2B, h + 2B,y + =2 e h” +
648,y 128By . - w4 9ﬁ3y; o 27BayRt o B1ByyRt o 243Buyrt
£ B o BRI e Byl R o BBy TS+ R 2 th

729y 2187Bsy%
270 5040

256h7ﬁ4y;;” 1024h8B,y?
24 120

R0 + o+ B3 By, + 4R Byyn + _hS,thy + _h6ﬁ4 2

4096h° B, YY"t
720

By comparing the coefficient in powers of h, we obtain,;

i R=sa+a+a,+a; =1
ii. h'= a; +2a, +3a; =4
« 9 16
iii. h?=>2+42a,+-a; = =
2 2 2
. N 8, 27 _ 64
1v. h =>?+azg+?ll3+ﬁo+ L1+ By + B3 +ﬁ4—?
4@ 16 | 81 256
V. h*==ta,—+—as+p; +26, +3B3+4P, = —
T @t as+ B+ 2B, + 3B+ 4B, =
. s L a 32 B 1024
vi. h> = —+a,— 2 =
20T 2120+ 2Bt T 'Bz+ﬁ3 +3 ﬁ‘* 120
. 6 . @ 64 | 729 27 _ 409
vii. h® ==~ — 4= -
720 T %2720t 720 3+ +ﬁ26+ﬁ36+ ﬁ“ 720
@, | 128a, , 2187 16 81 256 16384
viii. R = 2y 219705 | foy 10 4 SUPs | 256K
5040 ' 5040 ' 5040 | 24 ' 24 | 24 24 5040
. @ 2560, | 6561 32 243 1024 65536
ix.  h®ofa 250, o%6las | B | 32y | 243 | 1024 _
40320 ' 40320 ' 40320 ' 120 ' 120 ' 120 120 40320
(i—ix)(2.5)
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Transforming the above into matrix form, yields

o101 1 100
01 2 300 000 4
o L4 ® 5 0 0 0 o 16
2 2 2 . 2
, 1 8 27 o 64
6 2 6 11 1 o 6
0 1 16 81 0 1 2 3 4 az 256
24 24 24 4 9 16 B3 | 2a a6
, L 32 243 1 2 2 2 ﬁ" =1 1024 - (2.6)
120 120 120 2 Bl 120
, A 64 729 1 8 27 64 ﬁz 4096
170 720 720 6 6 6 6 53 720
. L 128 2187 1 16 81 256 |* |16384
5040 5040 5040 24 24 24 24 5040
. 1 256 6561 1 32 243 1024 65536
” 40320 20320 20320 120 120 120 120 20320
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3. ANALYSIS OF BASIC PROPERTIES OF THE FOUR STEP METHOD

This section seek to establish the basic properties of the linear multistep method as stated in

chapter one.

Properties Of The Four Step Method 3.1

Order and Error Constant

From equation (2.5), we obtain the follow:

D0=1—a0—a1—a2— as

Substituting 1, -2, 0,and 2 for a,, a1, @, and a; above we have

Dp=1-1-(-2)—0-2

Dp=1-1+42-2

D():O.

D =4—a, —2a, —3as

Whichimplies that

D, =4—(=2)—2(0) — 3(2)

D1=0
16 o
D2=7—7—20{2—§0{3
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Which implies that

D—16 ! 2)—2(0 92
=520~ 32

Taking the L.C.M, we have

B 16 +2—18
27 2
Therefore
Dz = 0

64 1 8 27
Dy :_—5“1——“2—z0{3—,30—,81—,82—33_,34

. . 1 7 21 7 1
B titution and for —,—,—,—,,— = h
ySUbs ution a d (0) 120’1520’ 15’ 120 B07ﬁ11ﬂ233'ﬁ4 WwcC nave

~1280+40—-1080—-1—-56—-126-56—1

D, =
3 120
Therefore
D — -7
37 15

256 a, 16 81

+= 5 24 azﬁ—ﬁa3—ﬁl—2ﬁz—3ﬂ3—4ﬁ4
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Substituting thevalue of the coefficient matrix, we have

1280+ 10 —3105—-56 —252 - 168 — 4

v 120
Therefore
_ —2295
7120
1024 a 32 243 By 16
D5 = -

9
120 120 %2120 1200z e hym gl
Substituting the values of the coefficientmatrix, we have

D 2048 +4 —972 — 560 — 504 — 504 — 16

> 120
And therefore
—42
D5 —_ T .
B 4096 aq 64

729 B, 8 27 64
6 =750 720 %720 720 6 P

By substitution, we have

4096 2 1458 7 168 189 64
6 = - -

720 T 720 720 C90 120 90 720

Therefore we have that
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D6:0'

16384 a, 128a, 2187a3; B
7= o

168, 81B; 256B,
5040 5040 5040 5040 24 24 24 24

Similarly upon substitution, we obtain that

D7 = 0.
Finally we have

_ 65536 aq 256a, 656la; [

328, 243B; 10248,
8740320 40320 40320 40320

120 120 120 120

Substituting the value of the coefficient matrix, we have

-1
Dg = 20320 = Dyy1 # 0.

Hence we can deduce that our four step method is of order p = 5 with error constant

-1

D = —
P+1 ™ 40320

Stability and Consistency 3.2

Form

k-1

k
Z AiYnsi = H® Zﬁjfn+j

i=0 j=0
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, for k = 4, if we substitute the coefficients 1,-2,0, 2,— Z27Z L respectively, for

’120°15”20° 15’ 120

do, Aq, Ay, a3,,80! :81' :82' ﬁ39ﬁ4a we have

Ynta = Qo¥n + W1Vni1 + OVniataz + 13 [Bofy + Bifas1 + Bafusz + Bafnsz + Bal

Which implies, that
21 1

Yn+a = 2Yne3 + 2Vn41 — Yn = h® 120 fn+4 + 5fn+3 + %frwz + fn+1 + 120f
Taking the L.C.M of the terms inside the square bracket, we have

Yurs = 2nsa + 2Vnss — Y = g5 Unea + 56 fusa +126 vz + 56 fua + ful (1)
From equation(3.1), the first characteristic polynomial denoted by p(r) is:

p(r) = r* —2r3 + 2rt — 10 . (3.2)

Whichimplies that

p(r) =1t —2r3 +2r—1 (3.3)

and the second characteristic polynomial denoted by §(r) is:

5(r) = m[r + 5613 + 126712 + 561 + r°](3.4)

where h3 is ignored,

Which implies that

1
6(7’):%[7‘ + 5613 + 1267r% + 567 + 1](3.5)
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Consistency has it that a linear multi-step method must satisfies the following properties:
(1) p(1) =0 and

(2)p"" (1) =316(1).
We now test conditions (1) and (2)by using(3.3) as follows:

1. p()=1*=-2(13)+2(1) -1
Which implies that
p(1)=1-2+2-1
And therefore
p(1)=0,

This verifies condition 1.

Taking the first derivative of (3.3), we have
p'(r)=4r3—6r?+2 (3.6)

Forr=1 we have

p'(1) = 4.12 — 6(12) + 2

Which implies that

pP(1)=4-6+2
Therefore,
p'(1)=0

2. p""(1) =316(1)

We need the second and third derivatives of (3.6),thus
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p'(r) =12r%—12r
Implying,
p'"'(r) = 24r — 12, then
p""(1) =24 —12 = 12,
and
_1lr.a 3 2
o(r) = E[r + 56r° + 126r“ + 561 + 1] 3!
Which implies that
§(1) = % [1* + 5613 + 12612 + 56 + 1] 3!
5(1) = ! [1440]
120

Without loss of generality

6(1) = 12
p"'(1)=6(01) =12.
This result verifies condition 2.

It has been established that our fourstep method satisfies the conditions1 and 2, hence it is

convergent.
The first characteristic polynomial
p(r)=r*—-2r3+4+2r-1,

gives the possible values of r when p(7) is zero to be (r — 1)* = 0.
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Which implies that r = 1,1,1. Therefore, the four-step method satisfies the root condition, hence

it is zero-stable.
Interval of absolute stability 3.3

We now seek to obtain the interval of absolute stability; this is done by applying the boundary

locus method which is define as:

h(r) = %(3.7)

wherep(r) is the first characteristic polynomial and §(r) is the second characteristic polynomial.

From equation(3.3)and (3.5)

p(r)=r*=2r3+2r—1 and 6(r) = flo [r* + 5613 + 126712 + 567 + 1].

Then from (3.7) , We have

120[r* — 2r3 + 2r — 1]

h(r) =
M) = s T 12627567 1 1

(3.8)

byDeMoiveries’s theorem

n in@

z" = e = cosnf + isinn@ where cosn@ is the real part of e® and sinn@ is the

imaginary part ofe?,

but here we will replace z™ with ™. So

™ = cosnf + isinnf
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Forn =1 we have

rl = cosf + isinf

Which implies that

r = cosO + isinf (3.9)

Forn=2, we have

r? = c0s20 + isin26 (3.10)

For n =3, we have

r3 = cos360 + isin360 (3.11)

and

For n =4 we obtain

r* = cos40 + isin40 (3.12)

Substituting equation(3.9)— (3.12)into(3.8), we have

_ 120[cos46 + isind6 — 2(cos30 + isin30) + 2(cosH + isinfh) — 1]
" cos40 + isin46 + 56(cos36 + isin30) + 126(cos26 + isin36) + 56(cosO + isinf) + 1

h(0)

which implies that

_ 120[(cos48 — 2cos36 + 2c0s20 — 1) + i(sind8 — 2sin36 + 2sinh)]
* [(cos46 + 56c0s36 + 1260526 + 56c0s8 + 1 + i(sin4d + 56sin36 + 126sin26 + 56sinb))]

h(6)
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By rationalization, we have

120[(cos40 — 2co0s36 + 2cosO — 1) + i(sin40 — 2sin30 + 2sind)]

[(cos40 + 56¢0s30 + 126c0s20 + 56c0s6 + 1) — i(sin40 + 56sin36 + 126sin26 + 56sin6)]
[(cos46 + 56c0s360 + 1260526 + 56c0s0) + i(sin46 + 565in36 + 126sin26 + 56sinb)]

[(cos40 + 56¢0s30 + 126c0s20 + 56c0s6 + 1) — i(sin40 + 56sin36 + 126sin26 + 56sind)]

h() =

which implies that

120[(cos40 — 2c0s360 + 2cos6 — 1 )(cos40 + 56c0s30 + 126c0s26 + 56c0s0 + 1)]
—120i[(cos46 — 2cos30 + 2cosf — 1)(sin46 + 56sin36 + 126sin26 + 56sind)]
+120i (sin46 — 2sin36 + 2sind )(cos46 + 56co0s36 + 126c0s26 + 56¢c0s0 + 1)
+120[(sin40 — 2sin36 + 2sinf)(sin46 + 56sin360 + 126sin26 + 56sinb )|
(cos46 + 56¢c0s360 + 126c0s20 + 56c0s0 + 1 )(cos46 + 56cos36 + 126c0s26 + 56cos0 + 1)
+i(cos46 + 56c0s36 + 126c0s26 + 56co0s0 + 1)(sin46 + 56sin30 + 126sin26 + 56sin6 )
—i(cos46 + 56c0s360 + 126c0s26 + 56c0s6 + 1)(sin46 + 56sin36 + 126sin26 + 56sinb )
+(sin40 + 56sin30 + 126sin26 + 56sin0)(sin46 + 56sin36 + 126sin26 + 56sinb )

h(9) =

Opening the bracket of the numerator and that of the denominator, we have
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[120c05%40+6720c0540c05304+15120c0540c0520+6720c0540c050+120c0540—240c0540c0536]
—13440c05%30—-30240c0530c0520—13440c0530c0s0—240c0s30+240cosBcos46
+13440c0s6c053604+30240c050c0s20+13440c050c0s?0+240c0s60—120c0s40—6720c0s36
—15120co0s26
—6720c0s0—120—-120icos460sin40—6720icos40sin360—15120icos40sin26—
6720icos460sinf+240icos30sin46
+13440icos360sin360+30240icos360sin26
+13440icos360sinb
—240icosfsin40—13440icosfOsin360
—13440icosfsinf+120isin460
+120isin360+15120isin20+6720isinf120isin46cos46
+6720isin46cos36
+15120ic0s20sin40+6720isin460cosb
+120isin40—-240icos46sin360—-13440i sin36cos36
—30240isin36cos26
—13440isin30cos6—-240i sin360
—240icos46sinf+13440icos30sinf
+30240isinfcos26
+13440icosfsinf+240isin6
+120 sin%460+6720sin40sin30
+15120sin46sin26
+6720sin460sinf—-240sin46sin360
—13440sin230-30240sin30sin26—-13440sin36sind
+240sin46sinf
+13440sin30sin6
L +30240sin20sinf+6720sin?6 |
[ €05240+56c0540c0530+126c0540c0520+56c0540c0s0+c0s40 ] :
| |
| |

h(6) =

+56c05460c0s360 +3136c05230+7056c0530c05200+3136c0530c0s0+56c0s360
+126¢c0520c0540+7056c0520+15876¢c05220+7056c0s520c0s60
+126¢0520+56¢c0540c0s0+3136c0530c0s0+7056c05200c0s00+3136c0s20+56c0s0+cos460
+56c0530+126c0520+56c050+1+sin2460+ 56sin40sin30+126sin40sin20+56sin40sinb
+565in460sin30+3136sin230+ 7056sin360sin20+3136sin30sind
+1265in460sin20+7056sin20sin30+15876sin220+7056sin260sind+56sin40sind
+3136sin30sinf+7056sin20sinf+3136sin%0

f—
[a—

Since we are interested only on the real part, then we collect like terms only on the real part as

follows:

c05%46 + 54c0s40c0s30 + 126c0s46co0s26 + 58cos40cosh
—112c0s5%36 — 252c0s30c0s20 — 58co0s6 + 252cos8cos2 + 1125co0s%6
—54c0s06 — 126c0520 — 1 + sin’40 + 54sin46sin36 + 126sin40sin26
X(6) = +58sin%46 — 112sin?360 — 252sin30sin20 + 252sin260sinf + 56sin’0
i 05240 + 112cos46cos36 + 252cos40cos26 + 112cos40cosb ]

+2c0s460 + 3136c0s2360 + 14112c0s26cos6 + 6272cos36cosb

+112c0s30 + 15876c052260 + 14112c0s268cos0 + 112cosO

+126c0s20 + 1 + sin?40 + 112sin40cos360 + 252sin40sin26
+112sin40sinf + 3136sin230 + 14112sin30sin28 + 6272sin30sinf
L +15876sin226 + 14112sin26sinf + 3136sin%6 .

120

We now evaluate X (6)for the interval 0 < 8 < 180 as follows:
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For 6 = 0 we have

c0s%0 + 54c0s0cos0 + 126cos0cos0
+58c0s0c0s0 — 112c0s%0 — 252c0s0cos0
120 —58c0s0 + 252c0s0co0s0 + 1125c0s20
—54c0s0 — 126c0s0 — 1 + sin?0
+54sin0sin0 + 126sin0sin0 + 58sin?0 — 112sin?0
. —2525in0sin0 + 252sin0sin0 + 56sin%0 .
c0s20 + 112c0s0cos0 + 252cos0cos0 + 112cos0cosO
+2c0s0 + 31360520
+14112co0s0co0s0 + 6272c0s0cos0 + 112cos0 + 15876c0s20
+14112c0s0c0s0 + 112co0s0 + 126c0s0 + 1 + sin?0
+112sin0cos0
+252sin0sin0 + 112sin0sin0 + 3136sin20 + 14112sin0sin0
+6272sin0sin0 + 15876sin20 + 14112sin0sin0 + 3136sin20

X(6) =<

120[ 1+54+126+58—112 — 252 — 58 + 252
+112-54—-126—-1+0+0+0+0—-0—-0+0+0
1+112+252+ 112+ 2 + 3136 + 14112 + 6272 + 1+ 112 + 252
+112 +2 + 3136 + 14112
+6272+0+0+0+0+0+0+0+ 0+ 15876

X(6) =

Therefore
X(0) =0.

And for 8 = 180 we have
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[ c0s%720 + 54c05720c05540 + 126c0s720c0s360 1

+58c05720c05180 — 112c0s%540 — 252c0s540c05360 — 58c0s180
+252c05180c05360 + 1125c052180 — 54c0180 — 126c05360
—1125c05180 — 1 + sin?720 + 54sin720sin540

|+126sin7205in360 + 58sin%2720 — 112sin?540 + 2525in5405in360|

X(0) = ! +2525in360sin180 + 56sin®180 |

i c0s2720 + 112c0s720c0s540 + 252c0s720c0s360
+112¢0s720c0s180 + 2c0s720 + 3136¢0s2540 + 14112¢c0s360c0s180
+6272c0s540c0s180 + 112c0s540 + 15876c05%2360 + 14112c0s360c0s180
+112¢0s180 + 126¢0s360 + 1 + sin2720 + 112sin720c0s540
+2525in720sin360 + 112sin720sin180 + 3136sin2540
+14112sin540sin360 + 6272sin540sin180 + 15876sin2360 + 14112sin360sin180
+3136sin%2180

120

Therefore

X(0) = -5.

Therefore our four step method has an interval of absolute stability[—5,0].

4. CONCLUSION

The developed four-step linear multi-step method stands as a noteworthy solution for the
numerical approximation of third-order ordinary differential equations. Its consistency, zero
stability, and convergence properties validate its reliability and effectiveness. The substantial
interval of absolute stability further enhances its applicability to a wide range of dynamic
systems. Notably, the derivation technique employed in this work is characterized by its
simplicity and adaptability, setting this method apart from traditional collocation-based
approaches. This research offers a valuable contribution to numerical analysis, providing a

practical and efficient tool for solving complex ODE:s in scientific and engineering applications.
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