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Abstract

In this investigation, we extend our search on the dynamic buckling loads of some elastic
structures to that of a clamped column lying on a nonlinear (cubic) elastic foundation but
impacted upon axially by a step load. In order to ensure a uniformly valid solution, we employ
multi-scaling two-timing regular perturbation procedures in asymptotic expansions of the
variables. It is shown that (a) clamped columns buckle at higher buckling loads than columns
with simply-supported ends irrespective of whether the columns are loaded statically or
dynamically and whether damped or undamped, (b) Specifically, the inequalities satisfied by
the static buckling load A5 and dynamic buckling loadAj, in the clamped case are respectively
givenas 1 < A3 < 2.125and 1 < Ap < 2.125 as against 0 < As < 1 and 0 < A < 1 for simply-
supported end conditions, (c) At low values of the static buckling load A, there is no
appreciable change in the values of the dynamic buckling load A but at higher values of A, 4,
increases sharply with increased static buckling load As. However, the increase seems to
decrease with increased damping. We are able to mathematically relate the dynamic buckling
load A to the static buckling load A and thereby by-passing the labour of repeating the entire
process for different imperfection parameters. Thus, given either A, or A5, we can predict either
value without the actual knowledge of the size of the small imperfection parameter.

Keywords: Dynamic buckling, viscously damped clamped column, elastic structures,
step load, two-timing perturbation 2010 Mathematical Subject Classification: 74B20,
74H10, 34E10

1. INTRODUCTION

Investigations into the static or dynamic stability (or otherwise) of columns (finite or
infinite) are age old problems that have been embarked upon by researchers for some
years now. As observed by [1] and [2], buckling of structures is one of the structural
instabilities that have been known for centuries ever since the equation to derive the
critical buckling of a column was derived by Leonhard Euler [3]. As a result of this,
previous studies on the subject matter are indeed enormous and varied, and include
investigations by [4]-[7], among others. We must stress that columns, are in themselves,
indispensable structural materials and their utility cuts across all cultures in human
history.

This investigation is concerned with analytical determination of the dynamic buckling
load of a viscously damped but clamped imperfect column that rests on a nonlinear
(cubic) elastic foundation, where the column is struck by a step load. The viscous
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damping, though small in magnitude, is not in any way related either physically or
mathematically, to an equally small imperfection that is stress-free and twice-
differentiable. The formulation therefore contains two small but dimensionally
independent parameters upon which asymptotic expansions are initiated using a two-
timing multi-scaling perturbation procedure.

The analysis contained here is an extension of a similar study espoused by [8], where, in
that study, damping was taken to be related in some way, to the imperfection W (x), so
that once the imperfection was fixed, the damping was equally fixed. However, we note,
from physical reasoning, that damping need not in any way, be related to the
imperfection in all probabilities. Similar studies were done by [9]-[12], among others.
Apart from addressing the phenomenon of viscous damping in a special fashion, this
investigation is related, in spirit, to similar studies by [13]-[25].

2. FORMULATION OF THE PROBLEM
As in [6], the dimensional differential equation satisfied by the deflection W (X, T) of a
finite viscously damped column lying on a nonlinear (cubic) elastic foundation but
struck by aload P(T) is
moWrr + QWy + EIWxyyx + 2P(T)Wxx + kW — aksW?3

= —2P(NLE, T >0, (2.1a)
W(X,0) = Wr(X,0) =0, (2.1b)
W=Wx=0atX=0m T>0 (2.1¢0)

Here, m, is the mass per unit length, Q is the damping coefficient, EI is the bending
stiffness, where E and I are the Young’s modulus and the moment of inertia respectively.
The nonlinear elastic foundation exerts a force per unit length given by k,W — ak;W?3
on the column, where k; and k; are constants such that k;>0, k3>0, and « is the
imperfection-sensitivity parameter which is such that for a = 1, the nonlinear elastic
foundation is said to “softening”, whereas for a = -1, the foundation is said to be
“hardening”. We have here excluded all nonlinearities of W (X, T) higher than the cubic
and have also excluded all nonlinear derivatives of W (X, T).

3. NON-DIMENSIONALIZATION OF THE GOVERNING EQUATION
We shall non-dimensionalize the equations (2.1a - c¢) by using the following non-

dimensional quantities
1

(5% w= (2w ar0= LD e (5, 2O

1 1
EI ks 2(Elk,)z ey (mok,)2
1
K]_ 2
t = (m—) T, 0<e<<1, 0<8«1; 0< A< 2125
0
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On introducing these non-dimensional quantities into (2.1a-c) and simplifying, we get

d*w
Wee +20W + Wopr + 24 (OWae + w— aw? = —ZEAf(t)W, t>0,
0<x<m (3.1a)
w(x,0) = wi(x,0)=0, 0<x<m (3.1b)
w=w,=0ax=0m t>0 (3.1¢0)

Here, a subscript following a comma indicates partial differentiation and f(t) indicates
the actual time dependence of the load having its magnitude as A. In our case, f(t) is a

step load characterized by

O =15 ¢ 20 62

4. CLASSICAL BUCKLING LOAD, A,
The classical buckling load A; is the load that the associated linear perfect column
buckles statically. The equations required are obtained from (3.1a) as

Waxxx T 2AW,+ w=0, 0<x<m (4.1a)
w=w,=0,at x=0,m (4.1b)
We note that the deflection w at this stage depends only onx. To solve (4.1a,b), we let
w(x) = Yo1(1 = Cos2nx)U, (4.2)

On substituting (4.2) into (4.1a),multiplying by Cos2mx for fixedm and integrating form
0 to m, we see that for n = m, we get

(16m* — 8m?A + 1)U,, =0 (4.3)

where, m is a fixed value of n.

According to [18], the condition for static buckling is

da
= (4.4)
where, w is the displacement (or deflection). This gives the classical buckling load A, as
16m*+ 1
7LC = W (453)
The least value of A is when m = 1 and in this case, we get
A= 7 =2125 (4.5b)

In retrospect, a similar column with simply-supported end conditions that satisfy the
same equation as (4.1a) but, instead of (4.1b), it would satisfy the conditions

W= Wy, =0 atx=0,1 (4.5¢0)

has the classical buckling load as A; =1 which is different from (4.5a,b). Thus, a
clamped column has a higher classical buckling load than the same column with simply
- supported end conditions.
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5. STATIC BUCKLING LOAD, Ag
This is the load that the column would require to buckle statically. The required
differential equation is

d?w

20 0<x<m (5.1a)
w=w,=0,atx=0,m, (5.1b)

To determine the displacement (or deflection) w(x) in (5.1a,b), we set f(t) = 1land let
W = a,(1 — Cos2mx), |c‘1m| <1

Next, we let

YR V0el; vO = vO(x) (52)

By substituting (5.2) into (5.1a) and equating the coefficients of powers of €,i =
1,2,3, .. weget

Woxxx + 2AW oy + W — aw® = —2€el

0(e):NVD = VO + 24V + VO = —8Am2a,,Cos2mx (5.3)
0(e?):NV®@ =0 (5.4)
0(e3): NV® = (V) (5.5)
etc.

VO (x) = V_,Ei) atx =0,m (5.6)

We seek for the solutions of (5.3) - (5.6) by letting

VO =232, Vn(i) sinnx = ¥2,(1 - Cosan)Vn(i) (5.7)

On substituting (5.7) into (5.3), we get
;‘{’=1[Vn(1) (8n2A — 16n*)Cos2nx + VP (1 — Cosan)] = —8Am?a,,Cos2mx (5.8)
On multiplying (5.8) through by Cos2mx and integrating from 0 to m, we see that for

n=m,
(16m* — 8m2A + DV = 8Ama,,

This gives

= i (5.9a)

2 V® = yW(1 = Cos2mx) (5.9b)

On substituting (5.7) into (5.4), we easily get

@ = o (5.10)

Next, we substitute (5.7) in (5.5) and use (5.9a,b) to get

Z[V,F)(Snm — 16n*)Cos2nx + V(1 - Cos2nx)| = a(V®)’(1 - Coszma)?

n=1
= a(V(l))3 [E — L cos2mx + 2 Cosdmx — lCos6mx](5.11)
2 4 2 4

We multiply (5.11) through by Cos2mx and integrate from 0 to T, to get
3
v = 1508 (5.12)

4(16m*—-8m21+1)
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Next, we multiply (5.11) by Cos4mx and integrate from 0 to T to get

3) _ -3B3%a
Vom = 2(256m*— 16m21+1) (5.13)
Lastly, we multiply (5.11) by Cos6émx and integrate from 0 to m and get,

3) _ aB3
Vam' = (1296m4—36m2/1+1) (5.14)
Thus, we get
v® = 1P (1 - Cos2mx) + VO (1 — Cosdmx) + V& (1 — Cos6mx)(5.15)
So that

w(x) = eV,,(ll)(l — Cos2mx) + 63[‘/,,(13)(1 — Cos2mx) + Vz(jl)(l — Cos4mx)
+ v - Cos6mx)] + o (5.16)

Before determining the static buckling load, we need to evaluate (5.16) at x = %

This is informed by the fact that eventually, we shall need to determine the associated

dynamic problem at x = % (which also means finding the maximum of (5.16)). Such

evaluation yields

w =26l + 263 (1Y - )+ . (5.17)
We can write (5.17) as
w = Cie+ C3e3 + ... (5.18)
where,
Ci= 24", = 2030 - v (5.19)
As in [18], the static buckling load is obtained by first reversing the series (5.18) in the
form,
€= dyw+ dzw? + ... (5.20)
On substituting for w from (5.18) in (5.20) and equating the coefficients of powers of €,
we get
dy ==, dy=-2 (5.21)
¢ cs

The maximization (4.4) is now easily executed from (5.20) to yield
d, + 3ds;wZ =0 (5.22)

where, w, is the value of w evaluated at static buckling. From (5.18), we get
1

A WY
Wa= 34, = \/§(C3) (5.23)
Next, we determine (5.20) at static buckling and get

1

€= dw+ dawd + .= w(dy + daw?) = ;ﬁ(g—)_ (5.24)
3
On substituting in (5.24) for C; and C3, we get
1
3 1 _ =
(16m* — 8m?4g + 1)7 = 18V5m2aza, el [1 + %(121:;4_83’&2211)]2 (5.25)
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where A is the static buckling load. The least value of A is obtained when m = 1, and
for this, we get
1
3 1_ 4 ( 17-82s \]2
(17 — 85)z = 18\/3/15a2a16 [1 + E(m)] (5.26)
If it is required that the buckling mode be strictly in the shape of imperfection, then the
results corresponding to (5.25) and (5.26) respectively become

3 1
(16m* — 8m?As + 1)z = 18V5m2Asazd, e (5.27)
and
3 1
(17 — 8X)z = 18V5Aazd, e (5.28)

By way of comparison, we can perform a similar analysis on the same column but with
simply-supported end conditions and the results corresponding to those of (5.25),
(5.26), (5.27) and (5.28) are respectively given by

1

3 9 _ 1 m*-2m2is+1 \]z
(m4 - 2m2/15 + 1)2 = Emlesameaz [1 + (M)] (529)
1
3 _ 9 _ 1 1-Ag 2
(1- )2 = m/lsealaz [1 + (41_915)] (5.30)
3 1
(m*— 2m2A5 + 1)z = %mzlsdmecﬁ (5.31)
and
3 9 _ 1
(1- Az = mlsealaz (5.32)

The result (5.32) was first obtained by [6]. So far, we conclude that the static buckling
load of structures largely depends, among other things, on the type of end constraints of
the structures.

6. THE DYNAMIC PROBLEM
The associated dynamic problem follows from (3.1a) which we now recast as
Wee +20We + Wyprr + 2Af (OWye + w — aw?

= —Ze)lf(t)‘fTZV,t>0, 0<x<m (6.1a)
w(x,0) = wi(x,0)=0, 0<x<m (6.1b)
w=w,=0atx=0m ¢t>0 (6.1¢c)
Henceforth, we shall substitute for the step load f(t) asin (3.2).
We let
T = {§t, (6.2a)
F=t+ (#z(r)ez+ g3(r)e3+m) (6.2b)

where, 1;(0) = 0, i=123,.., = ()
We stress that € and 6 are small and unrelated parameters. Thus, from (6.2a,b), we get
ow odwodt owadtdr owdr
9t otoc  otordt  orde
= (14 phe* + pse + w4+ sw, (6.3a)
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where,(...)" = %and a subscript after a comma indicates partial differentiation.
9°w ) 1.3 2 2 r o2 r .3
o (1 + poe”+ pze’ + ) wpp + 6°Wep + 26(1 + pye” + pze’ + - )wy,
+8(uye* + pfed + - Iw; (6.3b)

On substituting (6.3a,b) into (6.1a) for f(t) = 1, we get
[(1+ phe? + phe® + - )?wip + 82w + 28(1 + phe? + phe + - wy,
+o(uyer + pyed + - we| + 28[(1 + phe? + pse® + - Iwi + Sw]

2
+ Warax + 2 (W + w — aw® = —2eAf(t) ZTV: (6.4)
Next, we adopt the asymptotic series
w= 32, Y2 U (x, £, 7)€’ (6.5)
and substitute same into (6.4), and afterwards, equate powers of €!6/ to get
2
0(e): LU = v§” + vl + 22080 + v = —2f (O (6.6)
. — (10) (10)
0(es): LU = —2(U8” + v ) (6.7)
0(e6?): LU = —2(UL” + U8?) -yl (6.8)
0(e?): LUGD =9 (6.9)
0(e26): LU@Y = —2(UE” + UP?) (6.10)
21 21 20
0(e?6%): LUCD = —2(ULP + uFY) - vE” (6.11)
3 !
0(e®):  LUGY = (UO9)” — 205" 6.12)

0(e36): LUGY =3a(U09) v —2(v3 + US”) - wyud® — 208 (6.13)
0(e%6%): LUGD =3a [y (yan)* 4 (o) ya]| - y&o

—2(UEP + ppUlD) = Ul - 2(UPY + Ut + u”) (6.14)
The initial conditions, which are evaluated atf = 0 = 7 are
U (x,0,00=0, i=1,23,..; j=01,23,.. (6.15)
o): U800 =0 (6.16)
0(es8): UMY (x0,0)+ U8Yx%0,0)=0 (6.17)
12 11
0(es?): U8 (x,0,0)+ UM (%,0,0) =0 (6.18)
In general, we have
UM (%,0,0) + UX V(%000 =0, k=1,2,3,.. (6.19)
0(e?): U¥”(%,0,0) =0
(6.20)

Volume 07 | Issue 02 | February 2024 | https://ijojournals.com/index.php/m/index 7



https://zenodo.org/doi/10.5281/zenodo.10726874 130 JOURNALS

1JO - INTERNATIONAL JOURNAL OF MATHEMATICS

(ISSN: 2992-4421) L.U. Udo-Akpan! *
https://ijojournals.com/ Volume 07 Issue 02 || February, 2024 ||

ON A-TWO-PARAMETER DYNAMIC BUCKLING OF A VISCOUSLY DAMPED BUT CLAMPED COLUMN STRESSED BY A STEP LOAD

In general, we have

U9 x,0,0) + U2 V(0,00 =0, k=1,2,3,.. (6.21)
0(e):  ULY(x,0,0)+ u5(0)U!?(x,0,0) =0 (6.22)
0(8): UV (x0,0)+ u(0UFV (0,00 + USV(%0,0)=0 (6.23)
0(e362): UE(%0,0) + wp(OU? 0,00+ ULV(0,0) =0 (6.24)
Generally, we have
U (x,0,0) + u5(0)U™ (%,0,0) + v )(x0,00=0,k=1,23,.. (6.25)

The boundary conditions are
U =y’ =0atx=0,m
For solution to all the systems of equation involved here, we set

U t1) = 252, U Dsin?nx = $2, U (£ 1)(1 — cos 2nx) (6.26a)
We shall assume

w(x) = a,(1 — cos2mx) (6.26b)

for m, fixed.

On substltutlng (6.26a,b) into (6.6) and 51mp11fy1ng, we get

Z(U<1°>+ U”) - Cosme)+z(8/1n — 160U cos 2nx

nitt
n=1 =1
= —8Am?a,,cos2mx (6.27a)

Next, we multiply (6.27a) by cos2mx and integrate from 0 to 7, and note that for n =
m, we get
U(10) 02089 = gam?a,, (6.27b)
U,(,1°>(0,0) =0, UL2(00)=0 (6.27¢) where,

2= (16m*—- 8m?1+1) >0, Vm (6.27d)
The solution of (6.27b-d) is
U9 1) = B, (x) cospf + 6,(1) sinpf + B (6.28a)

8Am?a, 8Am?a,,

B = g = 16m*—8m2A+1 (6.28b)
where,
B:1(0) = —B, 6,(0)=0 (6.28¢)
This means that
U0 = yl9 (1 — cos2mx) (6.28d)

We next substitute (6.28d) into (6.7), using (6.25), and thereafter, multiply by
cos 2mx and note that for n = 2m, we get

(11) (1 _ (10) (10)
UG+ @2 = —2(US2 + ULY) (6.29a)
uaP0 =0 UsP0,0) + ULY(0,0) (6.29b)
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On substituting for U,(;O) in (6.29) from (6.28a), we ensure a uniformly valid solution in
t by equating to zero the coefficients of cos ¢t and sin ¢t and getting

61+ 6,=0, B+ p=0 (6.30a)
The solution of (6.30a) using (6.28c¢) yields
6,(r) =0, B1(t) = —Be™" (6.30b)
The remaining equation in (6.29a,b) is solved to get
U,(il) = B,(1) cos pt + 0,(t) sin ¢t (6.31a)
B(0) =0, 6,(0)=7 (6.31b)
We however note that
p1(0) =B, py'(0)= -B (6.31¢)
We equally note at this stage that (6.32)

U = yl(1 = cos 2mx)
On substituting from (6.32) and (6.28d) in (6.8), multiplying thereafter by cos 2mx and
integrating from 0 to @, we get, (for n = m)

USH + 92Ul = —2(USh + ulY) - uh% (6.33a)
uS200 =0, U200 + ULP(0,0) (6.33b)

Next, we substitute in (6.33a) for U,(il) and U,(;O) from (6.31a) and (6.28a) and ensure a
uniformly valid solution in £ by equating to zero the coefficients of cos ¢t and sin ¢f and
so, get, respectively

_pl!

0, + 0, = 2’;1 and BL+ B, =0 (6.33¢)

On solving (6.33c), we get
0,(t) = e~ [f; ;(p“’ ds+ 6,(0)], (1) =0 (6.33d)

The remaining equation in the substitution into (6.33a) is solved to yield

USD(E 1) = B4(7) cospf + 05(1) sin pf (6.34a)
where,
B3(0) =0, 65(0)=0 (6.34b)
In passing, we note from (6.33c) that
I} _ - {’(T) _ ﬁ " _ E
6:(0) = -6,(0)—, = = =, 6070 = _ (6.34c)

We conclude that

U2 = U2 (1 — cos 2mx) (6.35)

On solving equations (6.9) to (6.11), using the appropriate initial and boundary
conditions, we get

UR0O(x, t,1) = U@V (x, 1) = UPD(x, i 1) =0 (6.36)
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We next substitute on the right hand side of (6.12), using (6.25) and simplify to get

3 . 3BB?cos 20t
LUGO = a[(B3 321 >+3< 2By + %)cowH—ﬁl ?

2
N B3 cos 3¢t (5 15 cos 2mx N 3 A 1 . )
2 5 2 5 C0s 4mx — 7 cos 6myx
(10)
—2p5 Uy 33 (1 — cos 2mx) (6.37)
Next, we assume
GO = yo 891 — cos2nx) (6.38)

On substituting (6.38) into (6.37) and first multiplying through by cos2mx, and
thereafter integrating from 0 to , we see that, for n = m, we get

15« 3 . 3BB?cos2pt
UBY 4 2ylY = —[(B 35 >+ 3< 2By + %) cosgt +M

mitt m 4 2 2
B3 cos 3¢t '
4 ooz ] — 20, 002 (6.39a)
UR"(0,0) =0, U2 (0,0) + u5(0)U52(0,0) =0 (6.39b)

Next, if in the substitution in (6.12), we multiply through by cos4mx and thereafter
integrate from 0 to m, we get (forn = 2m)

—3a 3 3 . 3BB?cos2¢t
UGS+ 93 UG = —[(33 biB )+3< 28, + %) cos g £ + P COS 2P

2 2
s )
+ frcesier] (6.402)
(30) (30)
00,0 =0, U0,00=0 (6.40b)
where,
Q5 = (256m* — 32m?1+1) >0, Vm (6.40¢)

Lastly, if in the substitution into (6.12), we multiply through by cos 6mx, and integrate
from 0 to 7, we see that, for n = 3m, we get

{B 2 3Bp# cos 2¢t
U:E,?;y? it + (p3mU(30) B3 + ﬁl 2,31 B cos @ t+ —Bl L4
4 2 2
s 3
+ frcesiel] (6.41a)
US(0,0) =0, USY.(0,0) =0 (6.41b)
where,
P3m = (1296m* — 72m?2+1) >0, Vm (6.41¢)

To solve (6.39a,b), we substitute for U,(;O) from (6.28a), (noting (6.28c)), and ensure a
uniformly valid solution in £ by equating to zero, the coefficient of cos ¢ £ and get

@ = 22 (p2 4 B, (o) = 2 (6.42a)
1) = S (6.42b)
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The remaining equation in (6.39a) is now solved to get

. 15« 3BB? cos 2t
U,(,f’o)(t,r) =p,cospt+0O,sinpt+— To _ 3BPicoszet

4 | @? 2¢?
5 )
_ 51%;2"”:] (6.43a)
where
ro(r) = (B° +2£2) (6.43b)
B4(0) = 152”;‘2 -, (0)=0 (6.43¢)
(0 = 2, 70)= —38% 1'(0) = 6B (6.43d)

Turning to (6.40a,b), we solve to get
3al r, r,cos @t  3BBZ cos2¢t

2 |92, 0i.—9? 2@, —49?)

~

U(30)(t 7) = P5COS Pyt + Ossing,, t

B3 cos 3¢t
t 0z, —o0?) (6.44a)
where,
i —158° rl —39B3
n( =3(B%6 + &), n0) =%, r(0 = 11(0) = (6.44b)
Bs(0) = 2E2 65(0) = 0 (6.44¢)
_ 1 15 _ 3 1
F3 - 205m + 2(p%—492) @3, —4¢? + 2(93m—992) (644(,1)

We next solve (6.41a) and get
ol 7o rcospt  3BBZ cos2¢t
U(30)(t T) = P¢COS Pamt + Ogsin@s, t + — 0%, 0, — 9% 2(¢2, —49?)

4
B3 cos 3¢t ]
+ H(0Z, 907 (6.45a)
where,
_aB? F4 1 15 3 1
° Y ek 0k — 0P R, — 40?2 2(0k, - 99| °
=0 (6.45b)

Thus, we have
UBGo = U,(,fo)(l cos 2mx) + U(30)(1 — cos 4mx) + U(30)(1 —cosbmx)  (6.45¢)
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We next substitute on the right hand side of (6.13) and get

3a 2 . . B? ) (5 15cos2mx
LUGY = T[Qz {(BZ + %)sin(pt+Bﬁl sin2<pt—%sin3(pt}{§—T

3cosdmx  cosb6mx
}] -2 [U(30) (1 —cos2mx) + Uy (1 — cos4mx)

2 4 m,tt 2m,tt
+ U;i?’)ﬁ(l — cos 6mx) + Ufi?(l — cos 2mx) + US:I)E(l — cos 4mx)
+ US (1 — cos 6mx)] — 1 U5 (1 - cos 2mx)
—24; Ur(i‘gt)(l — cos 2mx) (6.46)
Let
UeD = > U = cos 2n) (6.47)
n=1

On substituting (6.47) into (6.46), first multiplying through by cos 2mx and integrating
from 0 to m, we get, forn = m

45q z . . PBi .
Ur(s}t)t + ¢2u8Y = - [62 {(Bz + %) singpt+ BB;sin2¢t— %Sin3 1) t}]
— g USY — 25 UG — 2 (U5 + USY)  (6.48a)
Ui 0,0) =0, USP(0,0) + (00U, (0,0) + Ug?(0,0) = 0 (6.48b)

Next, we multiply (6.46) by cos 4mx, integrate from 0 to m, we get, forn = 2m

—9a0, B\ . . o B
U;ﬁ%i + (p%mU;‘:’i) = T[{(Bz + o |sing+ BB sin2 ¢t — Tsm?)(pt

(30) (30)
=2 (Ut + Ugint) (6.492)
USY0,0) =0, US(0,0)+ UL (0,0) =0 (6.49b)
Similarly, we multiply (6.46) by cos 6myx, integrate from 0 to 1, we get, forn = 3m
(31) 2 1(31) 3a0,; 2 .312 . 2 . a .312 . A
Usmze T @3mUsm” = ETS B“ + T singpt+ Bf;sin2¢t— Tsm3<pt
(30) (30)
-2 (UZm,fr + UZm,f) (6-503)
Ui 0,0) =0, USH(0,0) + USN(0,0) =0 (6.50b)
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To solve (6.48a), we substitute for terms there and after, ensure a uniformly valid
solution by equating to zero the coefficients of cos ¢ £ and sin ¢ . This gives, for cos ¢ £

0L+ 6, =
0 (6.51a)
Forsin ¢ ¢:
, _ B 45a .
Bat B == (uz' +23) — —(B + e, (6.51b)

On solving (6.51a,b), we get

0,=0; Po=¢e" [[))4(0)

- f es{% +2u2)+ (BZ+/31)92}] (6.51c)
0

—1545aB3

Pa(0) = —o % (6.52d)
The remaining equations, having ensured a uniformly valid solution in (6.48a) are
Ufjtt 2UBY = rsin2 ot + rsin3 gt (6.52a)
USP0,0) =0, UFP0,0)+ u3(0)USP(0,0) + Uy (0,0) =0 (6.52b)
where,
5a0,B 15aB ,
ry = 2R () + (BD) (6.52¢)
—45a623,8 15« ,
= e 3 (D + (D) (6.52d)
) = 75aB3 ©0) = —225aB3 652
T 1o ' YT Teag (6:52¢)
We note the following
(0) = —345aB3 ' (0) = 465aB3 ' (0) = —45aB3 652
T T8 0 YT T332 0 YT 108 (6:52f)
On solving (6.52a,b), we get
1) , T13sin2¢@t mnsin3@t
U,,” = Bycospt+ O,sinpt — 307 - 807 (6.53a)
where,
B7(0)
=0 (6.53b)
2r3(0)  37,(0) 15a BBipy  3BiBi
90;(0) = =3 == =g+ K(0p0,(0) + —= F‘ o " g |l =
This yields
67(0)
B —5695B3 653
= 51243 (6:53¢)
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To ensure a uniformly valid solution in terms of £ in (6.49a), we equate to zero the
coefficients of cos2 ¢,,, tand sin2 ¢,,, £ and respectively get

05+ 65 =0 (6.53d)
and
! _ @ [962(p2, BE 3p(r{+11)
Ps + Ps = wzm[ 5 (B + 4)+ Py (pz] (6.53€)
On solving (6.53d, e), we get
05 =0, PBs= e "[Bs(0) + [ e Fyds] (6.53f)
where,
_ @ [962(py , BE 3p(r{+ 1)
Fo = 2<p2m[ (B + )+ P (6.53g)
From (6.53e), we get
'(0) = aB3 — L )4, % _ 3
Bs(0) = aB°*F,, F,= - {32(p+ T ¢2)} : (6.53h)
The remaining equation in (6.49a) is now written as
Ug‘:’iltf + 92, U3Y = risingt+rgsin2 @t + rysin3 @i (6.54a)
USY(0,0) =0, US(0,0) + Usna(0,0) =0 (6.54b)
where,
_ 2 4
ry= 0% (g2 4 B4 2l (6.54¢)
_ —9a6,BB; 9“‘PB((/3%)’+(/3%))
Te = s pem—vs (6.54d)
9ap?6 ag((83) + (83)
r7 = agé - 4(<<P§m—4fpz) ) (6.54e)
where,
17:(0) = aB3F, Fo= 24 22 (6.54f)
’ o T 520 ek 9?)
— 3 — 1 P
15(0) = aB3F,, F, = 9(&,, + —wgm—wz) (6.54g)

9 9@

1,(0) = aB3Fy,  Fp = 320 2(03m- 997

(6.54h)
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On solving (6.54a,b), we get

(31) _ 15 sin @t Tesin2¢t 17 sin 3¢t
U,,, = Pg COS Yot + Og sin @yt + > — pe (p%m_ 07 (p%m_ 297 (6.55a)
<pr5 2¢7¢ 31y ,
Ps(0) =0, 65(0) = — [ + + B5(0)
8 8 2(pZm (pzzm - (pz (pzzm - 4(P2 (pzzm - 9(P2 °
_ _3af & 3BB1B1 3B%B1 }
2 {<p§m T 7 T P07 | (039907 T:0(6'55b)
That is
0g(0) = aB3F;, (6.55¢)
Fi.= — <p{ + +
H 2<p2m[ Pom = P Qi — APE PG — 992

3 1 21 3 3
+3 L + - 6.55d
2 {fp%m 4(P3m—9?)  QIn— 402 @I 9«)2}] ( )

Next we ensure a uniformly valid solution in £ in (6.50a) by first substituting for the
relevant terms there, and equating to zero the coefficients of cos ¢3,,t and sin @3,,t to

get
O+ 66=0, Pg+ Bs=0 (6.56a)
On solving (6.56a), we get
06(1) =0, PBe(r) = Be(0)e™" (6.56b)

where,
Be(0) = —B6(0),  B&'(0) = Bs(0) (6.56¢)
The remaining equation in (6.50a) is now written as

Ug?i)tt + @3, U(31) = rgsingf+rysin2 @t + rosin3 ¢t (6.57a)

(31) TASE (30) —
-, (0,0) =0, 3mt( 0,0) + Us,:(0,0) =0 (6.57b)
Where,
3ap| B2p+ 3‘81‘81>
_ 3aez 2 P <
= 2%2(p24 H) 4 o) (6.57¢)
_ 3a0:BBy | 3Bag(Bifi+ BY)
9% a6 T 2 ) (6.57d)
-3apie 3
rio= —21% 4 22 (p2pl 4+ B3) (6.57¢)
_ . R3 = B, 3
15(0) = aB’F,, F, = oio + P (6.57f)
—-3aB?3 -3aB3

15(0) = %(p. 110(0) = 50; (6.57g)

, __ —57aB?® _ 9gpaB?
r(0) = 1280 4(9im= #?) (6.57h)

- 3 3¢ ;

19(0) = aB (32(/) - <p2) (6.571)

' 3aB3 .
110(0) = 10;(p (6.57j)
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On solving (6.57a,b), we get

(31) _ 2 . A g sin @t 19 sin2¢t T10 Sin 3¢t
Us,” = Bo cos @3yt + Oy sin @zt + <p8§m— pe (p"%m_ 07 <;§m— 207 (6.58a)
with
Bs(0) =0, (6.58b)

T 27 3r
1 8 9 10
69(0) = _T {(P;% — @2 q032' — 4¢2 (,03% — 9¢?2

s

L { rt r 3B(82) B 3821 }]
4 (03m  OIm—0®  2(03m—49%)  4(0Fn—99?)
We note from (6.56a) that
—aB3F,

Bs(0) = —f6(0) = —— (6.58d)
On simplifying (6.58c¢), we get
6,(0) = aB3S,, (6.58e)

(6.58¢)

=0

g 1 [ { F; 3 9 } F,
e (p —_ p— —_——
o Gsml| (03— #? 8(0im— 40D)  56(03n— 99%)] 8
1( 3 21 3 3
i {2<p§m F - 0D) G202 T 2 9<p2)}] (6.580)
We next substitute on the right hand side of (6.14) and get

2 2
LUGBG2) = 34 [Ur(,jo)(Ur(nll)) + (Ur(nlo)) U,(nlz)] (1 — cos 2mx)

— [U,Sf,gz(l —cos2mx) + us® (1 — cos4mx) + U (1 — cos 6mx)]

2m,TT 3m,tt

-2 [U(31)(1 — cos2mx) + uBY (1 — cos4mx) + uBY (1 —cos 6mx)]

mitt 2mtt 3mtt

+ [US’%)(l — cos 2mx) + USH(1 = cos 4mx) + U(31)(1 — cos 6mx)]

2m,t 3m,t

+ ugU;l,g(l —cos2mx) — ,ug’U;l%)(l — cos 2mx)

-2 [ué Ur(nlé)(l — cos2mx) + U,Sf’g)(l — cos2mx) + Uz(fr?,)r(l — cos 4mx)
+U3(f,2)r(1 — cos 6mx)] (6.59a)
By letting
UG = 2 08?1 — cos 2nx) (6.59b)

and substituting same into (6.59a), multiplying the resultant equation by cos 2mx and
integrating from 0 to @, we see that, for n = m, we get

45a 2 2
32 32 10 11 10 2 30
Upd + 92U = == [U,(n (waP) +(Ui®) ult )]—U( )

mytt m,TT

m,tt m,tt

US2(0,0) =0, USP(0,0)+ USP©,0) + Ul =0 (6.60b)

—2[USH + UG + mUSE] - Ul — 2uUlP - 205P  (6.602)
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For n = 2m in the substitution into (6.59a), we get

(32) 32 10 11 10 1 2
USZ + 03052 = U (0SP) + (u5) vl - v

2m,1t
31) 31) (30)
—2[Ulh, + U] - 2050 (6.61a)
US200) =0, USH(0,0) + US(0,0) (6.61b)

For n = 3m in the substitution into (6.59a), we get

(32) (2) _ 3@[ a0, an (10)\2;a2)| _ {;G0)
USD+ 0305 = s (v ) +(UR) Ui - v

4 3m, Tt
(31) (31) (30)
—2|uS + US| - 205 (6.62a)
U200 =0, US2(0,0)+ US(0,0) (6.62b)

If we substitute for terms on the right hand side of (6.60a), we get
45a cos ¢t
U(32) zUr(SZ) _ [922 {ﬁl @

o+
¢ 4 4
{Bﬁ1ﬁ3 + B (B2 )cos ot + 65 (32 ﬁl)sm <pt
+ BB, B3 cos 2@t + BO3 B, sin 2¢t + ﬁSﬁl 222 cos 3ot + sm 3(pt}]

_ 15a _ B(ﬁf) (ﬁi%) }]
[B cos ot + {<p2 gz OS 29t — 3297 08 3pt

B ~_ B A
+ E(l — cos 2¢t) — 7 608 3t

21062 cos wf — ot sinof — 27 cos 208 — 7 cos 30
@0’ cos ot — Py sin@ 30 cos2¢ 80 cos 3¢

—H305¢ cos pt] — p5 @ O;c08 pt — 211300, cos gt
15a

-2 [ﬁi cos ¢t + T{% - B(ﬁ ) ——2cos 2¢t — (ﬁg cos 3(pt}] (6.63a)
To ensure a uniformly valid solution in £ as far as (6.63a) is concerned, we equate to
zero the coefficients of cos ¢t and sin ¢t and respectively get
Br+ By = ~m(@) = — 565 (B° + ) (6.63D)
and
07 + 6, = hy(7)

_ _21_(p 45q {3162 + B (Bz 3[>’1)} 28, — — 1) 90,

—U (26, + 63)] (6.63c)
On solving (6.63b,c), we get

= e‘T[,B7(O)— f hl(s)esds]
0

6, =¢e" [67(0) + frhz (s)esds]
0
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The remaining equation in (6.60a) is

Uf:zt)t + <p2U,(,fZ) =111 + 114 €0S 20t + 115 sin 29t + 114 cos 3pt + 11, sin3¢pt  (6.64a)
Un?(0,0) =0, UP(0,0)+ Up(0,0) +p3U,,2 =0 (6.64b)
where,

ro = 52 (B — E) - S - 1 (6:64¢)
e = (55,0~ 2%) 4 1538(5212)” N 3(7'33;7”3')_'_ 15af(£f12)’ (6.64d)
Tis = 45‘134& (6.64€)
rie = (25, — 03py) + Sl At (6,640
Tiy = 45“1‘962ﬁf 15:555)’ (6.64g)
m@ =" 0= g0 = (6.64h)
116(0) = _:18!2;:;53' r17(0) = ti:f (6.64i)

On solving (6.64a), using (6.64b) we get

. . . T 1 . N
Uf,fz)(t, T) = By cos ot + B4 sin ot + ﬁ - 3—(p2 (14 cos 2¢t + 115 sin 2¢t)

— $ (116 cos 3¢t + 7;,sin 3pt) (6.65a)
where,
—111(0)  7114(0)  716(0)
B10(0) = e + 397 + 802
333555aB3
Bro(0) = ==, 610(0) =0 (6.65b)

As was in the case of U,(,fz) in (6.60a) which eventually led to (6.65a), we now substitute
for terms into (6.61a) and to ensure a uniformly valid solution in £, we equate to zero
the coefficients of cos @,,,t and sin ¢,,,t and respectively get

Og + Og = ;—;(ﬁé’ + 2f5) (6.66a)
and

Bs + Bs = %(9!-,’ +265) (6.66b)
On solving, we get

05 = €7 |05(0) — - [y e*(BY + 264)ds] (6.66b)

Bo = €7 [Bs(0) — 5 f e*(0% +26%)ds] (6.66¢)
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The remaining equation in the substitution into (6.61a) is

vl 4 (p%mUSﬁ) =Tg+T9COSQL+1y0singt+rycos2¢t+1,,sin2¢t

2mtt
+ 133€083¢ ¢ + 1y35in3¢t (6.67a)
US20,0) =0, US(0,0) + Usnr(0,0) (6.67b)
where,
g = _T%(Bezz +Bpi1ps) + 3Ur§a + z:;)_za (6.67¢)
2m 2m
_ —9a(B.63 3% 2 3ary’ 3ar;  2¢(ritn)
"o = 2 { 4 T ﬁ3( 4 + B )}+ Z(Uzzm_(P2)+ Z(Uzzm_(PZ) Uim—? (667d)
_ —9a03 (3p3% 2
20 = — (Tl+ B ) (6.67¢)
_ o, (B9 saB(p?)" 9aB(B])  ap(ri+rs)
= =90 (S BA) + S S Mhes) T vhaes’ (6670
—9a6
ry = s (6.67g)
— 6381 _ BiBs 9“(1??)” 3“(317’), _ 69p(r7+17)
G e A 7 Ml 7 e v e (6.67h)
- 2
ryy = el (6.670)
On solving (6.673,b), we get
N R . T 1 R .
Ug?r’:)(t' 7) = P11 €OS Pt + O11 SIN Popt + ;8 + ( 3 2) (119 cOs @t + 15 sin @)
2m Pom — @
1 I . I
+ (W) (151 cos 2¢t + 15, sin 2¢t)
1 A , 5
+ (W) (ry3 cos 3¢t + 1y, sin 3¢t) (6.68a)

We may not need f11(0) and 6;4(0). We next substitute into (6.62a) and to ensure a
uniformly valid solution in £, equate to zero, the coefficients of cos @3,,t and sin @3,,t
and respectively get

05+ 05 = 5-— (B¢ +2B;) (6.68Db)
and
By + By = 2(pﬁ(eg +26}) (6.68¢)
On solving, we get
65 = e7[65(0) - wlm Iy e (Y + 2p5)ds] (6.68d)
Bo= e [B5(0) + ﬁ [y es(6¢ +264)ds| (6.68€)
The remaining equation in the substitution into (6.62a) is
Uéf;?tf + (p?z,ng‘:’,f) = Ty + T COSQ L +1y,sin@t + rygc0s 29t + ry9sin2¢t
+ 130c083¢ t + 13,5in3¢ (6.69a)
US20,0) =0, US2(0,0) + USL(0,0) (6.69b)
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where,
3aBO3 . 3Bf.f '+ 7
s = oo T (ZU3m°) (6.690)
_ 3a63B1 | 3apfs (3B7 ary’  29(rgtn)  -arf
rpe = X0l 4 BR(M 4 ) - s S s (6694)
ryy = 36 (B? - ’%) (6.69)
_ -3aB63 | 3BBifsa  3aB(3)  3aB(B})  ag(r5+ms)
T8 = 8 + ’ 8(UZ,,—497) U2, —4q? U2 47 (6.691)
T29 = %ﬁﬁl (6.69g)
_ _ —3ap,63 3BiBsa a(ﬁ;’)” _ a(ﬁ{’)’ _ 6¢(rip+710)
T30 = 8 + 16 4(U2,,-9¢2) 2(UZn—992) U2, —9¢? (669}1)
2
ry = A (6.691)
3aB3 .
rZS(O) 80( > 7'26(0) = 3C(B3F14 (669])
_ _—3 39 2a¢ 57 9¢p _ 21
Fiy = 16¢2 + 16(UZp—2) | UZ,—¢? (128(p 4(U32m—9<p2)> 5(UZ,—¢7) (6.69k)
77(0) =0,  14(0) = 3aB3Fi5 (6.691)
_ -3 3 _ 4¢ 57 3¢ 6
Fis = 892  2(UZ2,-9%) UZ,—¢2 (32<p U32m_(p2) + Uz, —g? (6.69m)
129(0) =0, 75(0) = 3aB’Fye,  7131(0) =0 (6.69n)
Fio= o - (6.690)

1692 56(U%,—9¢2)
On solving (6.69a,b), we get
1

A A . 2 25
32 (£,7) = P12C0S Pzt + B4, sin @3t + — + <<p2 —
3m

3m

1
+ (W) (ry5 cOs 2@t + 159 Sin 2¢t)

1
+ (W) (r30 cos 3t + 154 sin 3¢t)

where,
P12(0) = 3C¥B3F17.

_ 1 Fiq Fisg Fig
iy = [8<p2<p§m 3~ @2 + P3m— 402 + O3 9<p2]
912(0) =0

So far, we write the deflection as

wix, t,1) = €(Ur(1110)+ SUSD 4 52y0D 4 .

+63[U1S130)(1 cos 2mx) + U(30)(1 cos4mx) +

+5{U,(n31)(1 — cos2mx) + U (1 — cos4mx) + U(

2) (136 cOs @t + 157 sin @t)

(6.70a)

(6.70b)
(6.70¢)

(6.70d)

)(1 — cos 2mx)
U(30)(1 — cos 6mx)

1)(1 — cos 6mx)}

+62{U,(,f2)(1 — cos2mx) + Uz(f;f)(l — cos4mx) + U,Snz)(l — cos 6mx)}

+ ] + ...

(6.71)

Volume 07 | Issue 02 | February 2024 |

https://ijojournals.com/index.php/m/index

1IJO JOURNALS

20



https://zenodo.org/doi/10.5281/zenodo.10726874 130 JOURNALS

1JO - INTERNATIONAL JOURNAL OF MATHEMATICS

(ISSN: 2992-4421) L.U. Udo-Akpan! *
https://ijojournals.com/ Volume 07 Issue 02 || February, 2024 ||

ON A-TWO-PARAMETER DYNAMIC BUCKLING OF A VISCOUSLY DAMPED BUT CLAMPED COLUMN STRESSED BY A STEP LOAD
7. CRITICAL VALUES OF THE DEPENDENT VARIABLES AT MAXIMUM DEFLECTION
As in [18, 19], the dynamic buckling load A, which is defined as the largest load
parameter for the solution of the problem to be bounded, is obtained from the
maximization

da
dwg
where, w, is the maximum deflection whose maximum values of the dependent
variables we shall now determine.
Let t,, t4, T, be the values, at maximum displacement of t, fand 7 respectively and let us
now assume the following asymptotic series
ta= to+ Otgr + 82%fgy + -+ €2(fyo + Sty + 8285 + 2 ) + - (7.2a)
tg = to+ Otgy + 8%tgy + -+ €2(tyg + Oty + 8%tyy + 0 ) + -

Ty = 8ty = [ty + Stgy + 8%tgy + -+ €2(tyg + Styg + 82tyy + =) + -] (7.2b)
As a function of x, £, T, the conditions for w(x, £, 7) to have a maximum are
wy=0, 1+ phe*+ pse’+ - Iws+ Sw, =0 (7.3)
On substituting (6.71) into the first of (7.3), we get the value of x at maximum

deflection, namely x,, as
s

Xg= 5=, M= 1,2,3,.. (7.4)

On evaluating (6.71) atx = x, = %, we get

=0 (7.1)

w=26(US” +8U5SY + 82057 + - ) + 263 U + USY + s{uY + uSP)
+62 (USSP + UGP}+ -] (7.5)
We shall now expand each of the terms of (7.3), (which is evaluated at (x,, t;,7,)) by
using (7.2a-c), as well as (7.4) and (7.5). Thus, we get
ULy = e [Ufnl_‘i?) + {8801 + 8280z + €2(Ea0 + 8y + 82850 + )+ UG

+8{to + Stor + 6%tgy + -+ €2(tyo + Stpg + 6%ty + ) + - JULD

m,tt
+1{{5501 + 52£02 + -+ Ez(fzo + 5621 + 62£22 + "') + "'}ZU(l(}}A
2 m,Eit
+26{8tg; + -+ €%(tyo + 6tpy + ) + -}
X {to + 6t01 + b + Ez(tzo + 6t21 + “.)}UT'(V;.L?%T

+8%{to + Stoy + -+ + €2(tpo + Styy + ) + - JULD }”( ) (7.6a)
to,

m,ttT
11 11 2 2 2 11
esUGY = eS[Ufn,f) + (5tor + -+ €2(E0 + Otp1 + WG H

+6{to + -+ €2(tyo + Otyy + ) + - UL

mtr
1 n o ~
+§{{5t°1 + ot €2(Ey0 + Sty + ) + “'}ZUr(nl,;gf
+26{5£01 + -+ EZ(EZO + 6521 + ) + }

X {to + 6t01 + b + Ez(tzo + 6t21 + "')}U(ll)

m,ttt

Volume 07 | Issue 02 | February 2024 | https://ijojournals.com/index.php/m/index 21



https://zenodo.org/doi/10.5281/zenodo.10726874 130 JOURNALS

1JO - INTERNATIONAL JOURNAL OF MATHEMATICS

(ISSN: 2992-4421) L.U. Udo-Akpan! *
https://ijojournals.com/ Volume 07 Issue 02 || February, 2024 ||

ON A-TWO-PARAMETER DYNAMIC BUCKLING OF A VISCOUSLY DAMPED BUT CLAMPED COLUMN STRESSED BY A STEP LOAD

+62{to + 8ty + -+ €2(tp0 + Styy + ) + - JULD }”(E , (76D
o

mtrt

682U1(nl’?) = 662 [Ur(nl,? + {6601 + A + 62(520 + 8%21 + )}U(lz)

m,tt
+8{to + -+ €2(tyo + Oty + )+ JUST 4 o (7.6¢)
0
(30) B0 _ (30) (30) 2 2 (30) (30)
63 (Um,f + U3m,f) - 63 [(Um.f + U3m,f) + { 6t01 + 52t02 + b } (Um,ff + U3m,i‘f)
30 30
+ 8{to + Oty + ---}(Ufn’fi + Ugm’)fr) + ] 0y 76D
0
3 3B1) GBDY _ _3 (31) 31 2 (31) 31
€ 6(Um,f + U3m'£_) =€ 5 [(Um.f + U3m,i') + { 5t01 + e } (Um,ff + U3m,fi‘)
31 31
+ 6{to + Oty + 3 (USH + US ) + ] PN D
0
362(17(32) (32)\ _ _3¢2 (32) (32)
e6?(US? +uS2) = €207 |(ul? + Umf)+---]|(fo ) (7.6f)

’ 10 1 10 I 2 2 10 I} 10
E3H2Ur(n,f) = 63 I:‘llzufn'f) + H2{6t01 + 52t02 + b }Ufn'fg + 6{t0 + 5t01 + "'}(qufn'f))‘[

m,tt m,tt

1, , (10 5 2 y 77(10
+E{t01 + "'}lezU( ) 4+ 8{ty + Sty + - Hbtoy + 6280, + "'}(Ile( ))T

+ %52(t0+---)2(uéuﬁ‘§)) +] (7.68)
iy (£0.0)
85U = E8[ULY + Oty + iU
+8(to + ) (UG E) +] (7.6h)
4 (0,0)
352, 772 _ _3¢2|, /(12 . .
€6 upU, 7 = €76 [.UZUm’i- + ](50,0) (7.61)
ESUT(rll’.?-) = 65 I:U.r(nl’.?) + {6501 + A + 62(520 + 8f21 + )}Ur(nl,(f)i
1 ~ ~ ~ 11
+E{{6t01 + ot €30 + Sty + )+ PUSH,
+28{6tgy + -+ €2 (fyo + )+ -}
11 .
X {to + Otgy + -+ €2(tpo + Styy + )} U;,fir + }“(t ) (7.6)
0
es2ULY = eSZ[U,(nl}) oot {880y + o+ €2(Fp0 + Stay + D USE + ] o) 7:6K)
0
30 30 30 30 2 (30) 30)
536(U,(,M) + ugm;) = €35 [(U,(M) + U§m,)r) + {(dtm + ) (Um,ff + U3m'fr) + }
30 30
+8(tg + ) (USser + Ulgore) + | o (7.61)
0
31 31 31 31
02U+ u32) = (U + U+ - om
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By substituting (7.6a - m) into the second equation of (7.3) and equating the
coefficients of €!6/, we get

0():  USP(E0,0)=0 (7.72)
0(ed): o USH + tUas + Uy =0 (7.7b)
0(€62): to,UY + 5, UL + (o)’ Ul 4 £,,t,09 + (tO)ZU(“’)
€ ' 02Ymtt 01%mtt 2 m,tt 01%0%m,ttr 2 m,ftT

+EUSH + toUSY + USD + 8,000 + toUSD + UGY  (7.70)

m,tt mtt & mtt m,TT
A 10 30 30 / 10
0(€%):  taoUsit + (USH+ US,) + w UL =0 (7.7d)
1
p 10 10 s 10 p 10 . 11
0(e38): £ UL + t,USD + §{2t01t20U1(n,f%f+ 2b20toUS L} + E2oUSE
2 (30) (30) (30) (30) (30) (30)
+ toy (Um,ff + U3m,ff) t to (Um,i"l.'+ U3m,fr) + (Um,f + U3m,f)
A 11 30 30
+ tZOUr(n,fi + (Ur(n,‘r) + U:gm,)r) =0 (7.76)
etc., where equations (7.7a) to (7.7¢) are evaluated at (£,, 0).
From (7.7a), we get
pto=m, n=123,..
ty = %, (n=1) (7.8a)
where we have taken n = 1.
On substituting (7.8) in (7.7b) and simplifying, we get
(e o)
tor = , FE) ' =0 (7.8b)
m,f’f (folo)
On substituting for terms in (7.7¢) and simplifying, we get
. (10) R
N —toum,.[.r _ t _ T
toz = U(uf)% T (p_oz T 3 (7.80)
m (o,0)
We next substitute into (7.7d) and get
R —(vC4 yBO.
£y = W (7.8d)
m,tt 7
(to,0)
Now,
2 45aB3 A
Uped(Eo,0) = 222, U (£0,0) = aB3Sys, (7.8¢)
1[( 1 15 3 1
so - i e
B 7 al208n  2(03n-9) | 2(0Fm—40%)  2(90Fm—99?)
15¢2 12¢2 9¢p? }]
- - 7.8
{4(<p§m— ) " W49 20En-907) (780
10) /¢
Ui, 0) = —?B (7.8g)
On substituting for terms in (7.8d), we get
A 45
tzo = aBZTzo, TZO = (515 + E) (78h)
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After substituting for terms in (7.7e) and simplifying, many terms vanish and the
remaining terms give

A -1 (1 10 31 31 30 30 :
£, = [_U<1°> (Baoto + USSR, + USP + UG+ USD + ugmg)] (7.8i)
m i (£0,0)
We now evaluate each of the terms in (7.8i) as follows:
31 2385aB3
USP(t,0) = - (7.92)
ugfg(to, 0) = aB3Fy, (7.9b)
_ 2 POF, _ 3 _ 9
Fao = 51€05@amlo = 502 =05 T (et 407) | 56(0dn-997) (7:99
(30) 315aB3
Dt 0) = 2222 (7.9d)
U“O) 0) = aB3S 7.9
smz(t0,0) = aB3S,; (7.9¢)
_ _F4cos<p3mfo 1.3 21 3 3
Sa7 = 8 4 [<p§m T 0D | 280k 19D | 56(@Em597) (7.90)
Upite(t0,0) = 9?Bi(0) = ¢2B (7.9g)
On substituting for terms in (7.8i), we get
A 1 2385 13779
t21 = CZBZT21, T21 = ﬁ [toTzofp + R + F - W + 547] (710)

Later, we shall also need terms like t, tyq,to2, t29 and t,; which we now evaluate
directly from (6.2b) (evaluated at maximum values of the variables). Thus, at maximum
deflection, (6.2b) becomes

Uo (1) €%+ ps(tg)ed+--
s ) (7.11)

By using (7.2a - c¢), we can write (7.11) as
fo + 6501 + 62£02 + + Ez(fzo + 5521 + 52622 + ) +
- t0+ 5t01+ 52t02+"'+ 62(t20+ 5t21+ 52t22+"')

5 2
€’ {uz(0)+taué(0)+ > Uz (0)}

& {H(0) + tap (0) + 25 (0) 4+ -} + - (7.12)

@=%+(
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We note the fact that ;(0) = 0 and equally note that t, can be expanded using (7.2b).

By equating coefficients of €6’ in (7.12), we get

n '
0(6): to = 5= to

ty = g (7.13a)
0(66): 501 =0= t01
X t01 - O (7.13b)
A to T
0(e6?): o2 = $= F: to2
top = % (7.13¢)
0(€): tro = aB?Tyo = tyo + pz(0)tg
tro = aB%Tyy — ph(0)to = aB2T Y (7.13d)
1) _ 2251
T,0" = Ty + 3297 (7.14)
~ ! tz 12}
0(€38): Ty = aB?Ty; = ty + to1i(0) + ?Ollz (0)
1A tz rn
“tyr = aB?Tyy — to1i5(0) — ;0#2 0) = aBZTz(ll) (7.15a)
1 _ 4512
T, = Ty — 3207 (7.15b)
8. MAXIMUM DEFLECTION, w,
To determine the maximum deflection w,, we evaluate (7.5) at t,, t, and t,. Thus, we
get
10 11 12 30 30 31 31
w, = 26(Uas) + 68U + 62U52 ) + 263 |(USs) + Usaa) + (UGS + Usina)
+62(USD + UGD) + | + - (8.1)

where,UD = gt 1),
We now expand each term of (8.1) using (7.2a - c). Thus, we have
UG = eUSD (Farta,Ta) = E[U,(nlo) 4 {£016 + 6285y + - + €2(Ey + 6Lyy 4 6285y + )}
+%{{f015 + et €2(Ey0 + Oty + 8% + DY
+ 8{tg + Oty + -+ €2(tyo + Oty + )}
X {£018 + -+ €2(Bp0 + 8tp1 + 87850 + IWGY
+6%{ty + Stoy + -+ €%(tyo + Stay + )} + 1,0 (8:2)
eSUSLY = €5 [U,(n“) + {E018 + 6280z + + + €2(Fp0 + Otpy + 87855 + LIWSY
+ 8{tg + Oty + -+ €%(ty0 + Otyy + )}
+%{{fo15 +ot €2(ly0 + 8ty + 875 + )Y
+ 26{ty + Otgy + -+ €%(tyo + Oty + )}
X {018 + -+ €2(Fgo + Ofpy + 8%, + . )ULY

mtrt
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+6%{ty + Stoy + -+ €%(tzo + Stag + )} + 1l g0 (83)
52012 = ¢52 [U,(n“) +{E0168 + -+ €(B0 + LY
+6{tg + -+ €%(tzo + Stor + )} + 1l &0 (8.4)
S(US”+ vGY) =€ [(U,Sf‘” FUGY )+ lEors + YU + UGY).

+8{ty + -+ €2(tyo + Styy + '“)}(Ur(ns,g) n US:)T)“ A (85)
’ (£0,0)
563(U,(7131) + U?Efr})) = §e3 [(Urgf’l) + U?Efnl))_l_ {5015+'-'}(U$1)+ U?E;v,:))f
ot 0+ 05D w
’ (t0,0)
32 32 31 31
ol (Un” + U5’ = 5263(U7(M) + U3(m,)r)]|(f 0) (8.7)
0

On substituting (8.2) - (8.7) into (8.1), we observe that most terms vanish and the
remaining ones are given as

(10) ao) . 0%t8 (10
w, = 26 (UL + 5t,ULY + =2 g1

2 .
(0,0)
30 30 10 2 10 30 30
+263 [(USY +USY) + 8{ta0US2 + EaUS + to(Uly + Uler)}
10 P 10 10 A 11 A 11
+62{t21U,(n‘T) + 05E20US R + totzoUser + £ UG + tolaoUS )
t§ (1,(30) (30) (32) (32)
+2(USY + U ) + (US? + U )}]|(f0’0) + (8.8)
We however note that
3
U (80, 0) = 2, (8.92)
Ul (t,,0) = aB3S. (8.9b)
3m 0, - 9 .
_ 1|5(1—cos@amio) | 5(1+cos@zmty) , 3(1—cos@zmio) | (1—cos@zmio)
5= 1[0 0D | 2@EnteD) | 403m507) (8:90)
32) /2 —55aB3
U2 (#,,0) = o (8.10a)
u8Y(t,,0) = aB3s,, (8.10b)

80%me? Pim—0? Pim—19? 4(93m—99?)
On substituting (8.9a) - (8.10c¢) into (8.8) and simplifying, we get

3(1—cos t F14(1+cos t Fi5(1—cos t F16(1+cos t
517 — [ ( @3mlo) _ 14( @3mto) + 15( @3mto) _ 16( P3m 0)] (810C)

w, = 4€B [1 -2+ %(%")2] + 3""(‘;363 [(1+ £2) + 4318 + 43,82+ (8.11a)
where,

Ay = & %(%;2+ S47) = TS3 = Tl (8.11b)
Azy = (f_; [(%) Tz((}) - T2(11) - (%) Tyo —To1 + % (ﬁ) (% + 547) - % + 518] (8.11¢)
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9. DYNAMIC BUCKLING LOAD, 4,
Having determined the maximum deflection, w, as in (8.11a - c), we shall now
determine the dynamic buckling load A, from the maximization (7.1). We shall first
reverse the series (8.10a) which we now write as

w, = €e; + €3¢y + - (9.1a)
where,
1 (6m)?
e1—4[1— ot Z(f)] (9.1b)
__30aB® ®*Sg 2
es = 2 [(1+ £2)+ 4316+ 43,67 (9.1¢)
Thus, for the reversal, we write
€= fiwat fawg + -+ (9.2)
Upon substituting in (8.13) for w, from (8.12a), and equating the coefficients of €, we
get
- X = (&
fi=5 fi=-(3) (9.32)

The maximization (7.1) is now easily executed from (9.2) to yield
fl + 3f3W3D = 0, (93b)
where w,p is the maximum value of the deflection at dynamic buckling. Thus, we have

’—f
Wap = 3_f31 (9.4)

On substituting from (9.3a) in (9.4) we get

_ 14
wap = (%) (9.5)
If we next evaluate (9.2) at dynamic buckling, we get
€= fiwap + fawip + - = wap(fi + 3fzwp) (9.6)
On substituting in (9.6) for fi, f3 and w,p, we get
1
= 2 (a):
On substituting in (9.7), we get the equation for determining the dynamic buckling load
Ap as
3 1 ({1 ‘p + A3, 6+ Az 62
(16m* — 8m2Ap + 1)z = 18vV10(e@,,)m?*Apaz [K 271 131 i ]] (9.9)
1—-—4+ =
2¢ 4

Equation (9.9) gives an implicit formula for determining the dynamlc buckling load Ap.
By using equation (5.25), we can eliminate the imperfection parameter € and hence

relate Ag to Ap. This gives
1

2
[(1+ <P1§9>+ A3z16+ Agzé‘z} 2

3 2
2 St 1(6m
16m*-8m?Ap+1\2 _ ,—2 AD 1‘%’“2(7) 9.10
16m*—-8m2ig+1 - As 4( 16m#*-8m2Ag+1 ) ( . )
1296m*-72m2Ag+1

[1+E
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The least value of the dynamic buckling load Ap is obtained when m = 1 and for this

value, equations (9.9) and (9.10) respectively become
1

9259 5 s
(17— 87‘D)2 = 18\/_(6511)7%0(2 [KH 2: Afls: = ] (9.11)
1‘ﬁ+z(¢)
and
1
I[[(H (p15 >+A315+A325 HZ
17—-8Ap % _ Ap 1_5_:; %sn 2
(17—8)\5) - ﬁ(g) 4 17 sxs (9.12)

+ 15(1297 7215

I |

where the right hand sides of (9.11) and (9.12) are to be evaluated at m = 1.

10. ANALYSIS OF RESULTS
The graphical plots of the results were done using Q-Basic codes and the results are
hereby presented in Fig. 1, Fig. 2 and Fig. 3.

2.5
a K)\S]/\ —o— STATIC BUCKLING LOAD (EQN 5.28)
<
9 2 4 = & s . . N . . R +STATIC BUCKLING LOAD (EQN 5.30)
g 15 | STATIC BUCKLING LOAD (EQN 5.32)
g STATIC BUCKLING LOAD (EQN. 5.26)
a 1
= ”\"*ﬂ—ﬂ—n——p_._._.\.
2 o5 -
'—
[7,]

0 T T T 1 E

0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1 0.2

IMPERFECTION FACTOR

Fig. 1: Relationship between the Static buckling load, A¢ and Imperfection factor, € using Eqn.
(5.26), Eqn.(5.28), Eqn.(5.30) and Eqn.(5.32).
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g 1 —o—DYNAMIC BUCKLING LOAD, 6 =0
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Fig. 2: Relationship between the Dynamic buckling loads and Imperfection parameters at some
fixed values of the damping factor, §, using Eqn. (9.11).
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Fig. 3: Relationship between the Dynamic buckling loads and the Static buckling loads at some
fixed values of the damping factor, 8, using Eqn. (9.12).

From Fig. 1, we observe that the static buckling load of a clamped column is always
higher than that of the same column with simply-supported boundary conditions. In
general, the static buckling load of a column with either clamped or simply-supported
boundary conditions and whose deflections are strictly in the shape of imperfection
always has the least static buckling load. However, while the static buckling load of a
clamped column satisfies the inequality, 1 < Ag < 2.125, a similar column with simply-
supported boundary supports satisfies the inequality 0 < A5 < 1.

Fig. 2 shows that the dynamic buckling load 4, decreases with increased imperfection
for any value of the damping parameter.

From Fig. 3, we observe that at low values of the static buckling load As (precisely for
1 < Ag < 1.45), there is no significant difference in the value of the dynamic buckling
load Ap of the column, whether damped or undamped. However, at higher values of A5
(i.e, 1.45 < Ag < 2.125), the dynamic buckling load 4, rises with A5 and the highest of
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such rise is the undamped case. It is not clear whether such a result is specific to
clamped boundary conditions or whether it is general. As in the static loading case, the
inequality satisfied by the clamped column is 1 < Ag < 2.125. We thus observe that
generally, whether in the static or dynamic loading cases, clamped columns buckle at
much more higher loads than similar columns with simply-supported boundary
supports. For reasons attributed to nonlinearity and imperfection, clamped columns on
nonlinear elastic foundations buckle at lower values of buckling loads than the
corresponding classical buckling load of the column.

We observe that while the buckling modes split into three distinct modes proportional
to (1 — cos 2mx), (1 — cos 4mx) and (1 — cos 6mx), it is only the buckling modes in the
shapes of (1 —cos2mx) and (1 —cos6mx) that eventually contribute to dynamic
buckling. The mode in the shape of (1 — cos 4mx) does not contribute.

Lastly, as seen in equations (8.20) and (8.22), we are able to directly relate A, to Ag
even without the knowledge of the size of the associated imperfection. In this way, we
have circumvented the process of repeating the arduous manipulations for different
imperfection parameters.

11. CONCLUSION
We have carried out an analytical investigation of the buckling of an imperfect clamped
column lying on a nonlinear elastic foundation but struck axially by a step load. It is our
contention that similar enquiries can be extended to other loading conditions apart
from step load and to other structures apart from columns.
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